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application is not mentioned :-(



Acknowledgements:	
  
Why	
  I	
  am	
  here	
  today	
  ...	
  

Will	
  Allis	
  	
  
Without	
  his	
  pioneering	
  work,	
  	
  

there	
  would	
  be	
  no	
  Will	
  Allis	
  Prize.	
  



Acknowledgements:	
  
Why	
  I	
  am	
  here	
  today	
  ...	
  

Will	
  Allis	
  	
  
Without	
  his	
  pioneering	
  work,	
  	
  

there	
  would	
  be	
  no	
  Will	
  Allis	
  Prize.	
  

Bill	
  Graham	
  
nominated	
  me.	
  	
  



Acknowledgements:	
  
Why	
  I	
  am	
  here	
  today	
  ...	
  

Will	
  Allis	
  	
  
Without	
  his	
  pioneering	
  work,	
  	
  

there	
  would	
  be	
  no	
  Will	
  Allis	
  Prize.	
  

Bill	
  Graham	
  
nominated	
  me.	
  	
  

2016	
  Allis	
  Prize	
  SelecEon	
  CommiGee:	
  
	
  James	
  Lawler	
  (Chair),	
  Gregory	
  Hebner,	
  

	
  David	
  Graves,	
  James	
  Colgan,	
  Morty	
  Khakoo	
  



Acknowledgements:	
  
	
  

My	
  parents	
  and	
  Joachim	
  Keßler	
  (my	
  Diploma	
  supervisor)	
  
I	
  used	
  to	
  be	
  an	
  experimentalist,	
  but	
  I	
  was	
  much	
  beGer	
  seeing	
  the	
  light	
  
with	
  the	
  eyes	
  of	
  a	
  theorist	
  than	
  installing	
  and	
  using	
  a	
  photo-­‐mulEplier.	
  



But	
  there	
  is	
  more	
  ...	
  

Friedrich	
  Hanne	
  
let	
  me	
  work	
  in	
  his	
  lab	
  anyway.	
  
[(No)	
  UHV	
  and	
  a	
  GaAs	
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And	
  more	
  ...	
  
Phil	
  Burke	
  (Allis	
  Prize	
  winner	
  in	
  2012)	
  
taught	
  me	
  about	
  computers	
  and	
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  the	
  	
  
R-­‐matrix	
  method.	
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  in	
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  me	
  to	
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  Moines	
  and	
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  for	
  my	
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  at	
  Drake	
  University.	
  	
  
Don	
  also	
  dragged	
  me	
  along	
  to	
  my	
  first	
  	
  
Gaseous	
  Electronics	
  Conference.	
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And	
  more...	
  
John	
  Giuliani	
  
came	
  to	
  one	
  of	
  my	
  GEC	
  posters	
  and	
  said:	
  
“Why	
  don’t	
  you	
  do	
  something	
  useful?”	
  	
  

Oleg	
  Zatsarinny	
  
has	
  been	
  a	
  close	
  collaborator	
  at	
  Drake	
  
University	
  since	
  2003.	
  	
  
Oleg	
  produced	
  a	
  lot	
  of	
  high-­‐quality	
  
data	
  with	
  his	
  	
  B-­‐spline	
  R-­‐matrix	
  code.	
  
	
  

There	
  are	
  many	
  more	
  colleagues/friends	
  who	
  have	
  played	
  a	
  significant	
  role	
  in	
  my	
  scienWfic	
  
career	
  –	
  experimentalists,	
  theorists,	
  data	
  producers,	
  and	
  data	
  users.	
  I	
  can’t	
  name	
  you	
  all,	
  but	
  	
  	
  

Thank	
  You!	
  
And	
  it	
  certainly	
  wouldn’t	
  have	
  been	
  possible	
  without	
  financial	
  support	
  from:	
  

German	
  Research	
  Council,	
  BriEsh	
  Council,	
  NATO,	
  
Drake	
  University,	
  Research	
  CorporaEon,	
  and	
  the	
  	
  

United	
  States	
  NaEonal	
  Science	
  FoundaEon	
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Teresa		Erika		Nick	

Thanks	for	listening	so	far.
The	rest	of	the	talk	is	on	physics.	

Nor	would	it	have	been	possible	without	....	



PERSPECTIVE

Electron collisionswith atoms, ions,molecules, and
surfaces: Fundamental science empowering
advances in technology
Klaus Bartschata,1 and Mark J. Kushnerb

Edited by David A. Weitz, Harvard University, Cambridge, MA, and approved May 16, 2016 (received for review April 16, 2016)

Electron collisions with atoms, ions, molecules, and surfaces are critically important to the understanding
and modeling of low-temperature plasmas (LTPs), and so in the development of technologies based on
LTPs. Recent progress in obtaining experimental benchmark data and the development of highly
sophisticated computational methods is highlighted. With the cesium-based diode-pumped alkali laser
and remote plasma etching of Si3N4 as examples, we demonstrate how accurate and comprehensive
datasets for electron collisions enable complex modeling of plasma-using technologies that empower
our high-technology–based society.

electron scattering | close coupling | ab initio | plasmas | kinetic modeling

Electron collisions with atoms, ions, molecules, and
surfaces are critically important to the understanding
and the modeling of laboratory plasmas, astrophysical
processes, lasers, and planetary atmospheres, to name
just a few examples. In addition to the investigation of
naturally occurring phenomena, electron collisions form
the basis of a vast array of plasma-using technologies,
which continue to empower our high-technology–based
society (1). Atomic, molecular, and optical (AMO)
physics, the field that encompasses electron–atom
and electron–molecule collisions, has made tremen-
dous contributions to our fundamental understand-
ing of nature. Despite the field’s longevity, breakthrough
developments in atomic collisions continue to be
made at the fundamental level of both experiment
and theory.

The Need for Atomic and Molecular Data
In low-temperature plasmas (LTPs), electron and ion
collisions with otherwise unreactive gas and surfaces
activate those atoms and molecules through forming
excited states, ions, and radicals. Those activated species
are then used in applications ranging from microelec-
tronics fabrication (2) to human healthcare (3). The most
basic, necessary, and first step in the development of
those technologies is the electron or ion impact with
the initially unreactive species to produce the activated

species. As a result, fundamental AMO physics is closely
and beneficially connected to technology development.

Examples of experimental progress in advancing
the knowledge base for LTPs include, but are certainly
not limited to, the “magnetic angle changer” (MAC)
(4) and the so-called “reaction microscope” (RM) (5).
TheMACmakes it possible to carry out measurements
of electron impact cross sections in angular regimes
that were previously inaccessible because of geo-
metric limitations due to the position of the electron
gun. Furthermore, taking advantage of dramatic im-
provements in detector technology and fast elec-
tronics, the RM has enabled unparalleled detailed
studies of electron–atom and electron–molecule col-
lision processes over a wide range of parameters
(energies, angles), and so provided an extensive da-
tabase to test theory.

At the same time, theoretical and particularly
computational advances have made the calculation of
data for atomic/molecular structure as well as electron
collision processes both reliable and cost-effective,
and hence enabled their use in models for technology
development. Although the basic equations that de-
scribe these quantum-mechanical many-body phe-
nomena are believed to be known with a high degree
of confidence, their necessarily approximate solu-
tion—with an accuracy that allows for reliable quantitative

aDepartment of Physics and Astronomy, Drake University, Des Moines, IA 50311; and bElectrical Engineering and Computer Science Department,
University of Michigan, Ann Arbor, MI 48109-2122
Author contributions: K.B. is mostly responsible for the collision parts of the paper; M.J.K. conceived the modeling aspects; and K.B. and M.J.K.
coordinated the writing of the manuscript.
The authors declare no conflict of interest.
This article is a PNAS Direct Submission.
1To whom correspondence should be addressed. Email: klaus.bartschat@drake.edu.
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(slide adapted from a presentation by  
M. J. Kushner, University of Michigan, 

Institute for Plasma Science & Engineering.) 

DIODE-­‐PUMPED	
  ALKALI	
  LASERS	
  (DPALs)	
  

•  DPAL is a class of optically pumped lasers that leverage 
inexpensive semiconductor diode lasers to pump alkali vapor. 

•  Poor optical quality, wide bandwidth of diode laser (DL) is converted 
into high optical quality, narrow bandwidth from alkali laser. 

•  DL pumps the D2(2S1/2 → 2P3/2)  

•  Collisional quenching: 2P3/2 → 2P1/2 

•  Lasing on D1(2P1/2 → 2S1/2) 

•  Requires inversion of ground state.  

•  Collisional quenching agent N2 
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(slide	
  adapted	
  from	
  a	
  presenta@on	
  by	
  	
  
M.	
  J.	
  Kushner,	
  University	
  of	
  Michigan,	
  

Ins@tute	
  for	
  Plasma	
  Science	
  &	
  Engineering.)	
  

REMOTE	
  PLASMA	
  SOURCES	
  

•  Remote plasma sources (RPS) for microelectronics fabrication 
•  Separate plasma production, transport and processing regions. 

[1] Kastenmeier et al., JVSTA  16, 2047 (1998). 

•  Schematic of RPS.[1] 

•  Produce dominantly 
neutral fluxes of radicals 
for etching, cleaning, 
surface passivation. 

•  Decrease damage by 
charging and energetic 
ion bombardment. 

•  Example:  NF3/O2 RPS 
for Si3N4  etching. 

GEC2015_FBE 
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Production and Assessment of Atomic Data

• Data for electron collisions with atoms and ions are needed for modeling processes in

• laboratory plasmas, such as discharges in lighting and lasers

• astrophysical plasmas

• planetary atmospheres

• The data are obtained through

• experiments

• valuable but expensive ($$$) benchmarks (often differential in energy, angle, spin, ...)

• often problematic when absolute (cross section) normalization is required

• calculations (Opacity Project, Iron Project, ...)

• relatively cheap

• almost any transition of interest is possible

• often restricted to particular energy ranges:

• high (→ Born-type methods)

• low (→ close-coupling-type methods)

• cross sections may peak at “intermediate energies” (→ ???)

• good (or bad?) guesses

• Sometimes the results are (obviously) wrong or (more often) inconsistent !

Basic Question: WHO IS RIGHT? (And WHY???)
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For complete data sets, theory is often the "only game in town"! 
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Total  Cross Sections 
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Transmission Setup: I = I0 exp(-nlQ) 
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Swarm Experiments (Phelps, Crompton, ...)
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Swarm Experiments and Their Interpretation
• Pioneered by “GEC Giants” such as Art Phelps and Bob Crompton.

• General Idea (thanks to Leanne Pitchford for enlightening me):

• Pull electrons through a gas and measure macroscopic parameters such as:

• transition times (→ drift velocity, mobility)

• radial or axial spreading (→ diffusion coefficients)

• current growth (→ ionization rates)

• In “equilibrium conditions”, these parameters depend on the “reduced electric field”

E/NE/NE/N , the gas (composition), and the relevant cross sections. In low-energy elastic

scattering, the momentum transfer cross section dominates.

• Absolute (momentum transfer) cross sections are determined indirectly as follows:

(1) Assume an initial set of cross sections.

(2) Calculate the macroscopic parameters.

(3) Assume that any deviations are due to errors in the assumed cross sections.

(4) Adjust the cross section(s) until things fit.

(5) Hope for:

• convergence of the procedure;

• uniqueness of the results in multi-parameter fits.

• Note: Steps (1) – (3) can also be used to test “ab initio” cross sections from the

collision community — that’s why we should talk!

klaus
Text Box
Swarm Experiments and Their Interpretation

klaus
Text Box
indirect measurement

klaus
Text Box



Other Techniques (Incomplete List)
• Optical Emission:

• State-Selective

• Relative

• Cascade Effects

• Time-of-Flight Setups (Metastables)

• Storage Rings (e-Ion Collisions)

• Integrate Angle-Differential Cross Sections from Crossed-Beam Setups

• State-Selective (measure energy loss/gain)

• Often Relative – Absolute Normalization Attempts include

• Mixed-Flow Technique with a Reference Gas

• Generalized Oscillator Strength

• Help from Theory (Yes, we are good for something!)

Who is Doing What?
Well, I better pass the ball to Michael Brunger, Steve Buckman, Morty Khakoo ...
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Experimental Method

• The experiments were performed with Michael Allan’s high-resolution

spectrometer.
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Angle-Differential Cross Sections
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Michael Allan's high-resolution spectrometer to measure:
     – specific angles
     – specific transitions (energy selection)
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• A magnetic angle-changer (Read and Channing) allows measurements at

extreme angles, including 180◦.
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The "Magnetic Angle Changer" (MAC), developed by Reid and Channing,
makes it possible to measure the full angular range, including 180o. 
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The Reaction Microscope
Ullrich, Moshammer, Dorn, et al., Rep. Prog. Phys. 66 (2003) 1463 
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Used in A. Dorn's group for (e,2e) and even (e,2eg)
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Choice of Computational Approaches
• Which one is right for YOU?

• Perturbative (Born-type) or Non-Perturbative (close-coupling, time-

dependent, ...)?

• Semi-empirical or fully ab initio?

• How much input from experiment?

• Do you trust that input?

• Predictive power? (input ↔ output)

• The answer depends on many aspects, such as:

• How many transitions do you need? (elastic, momentum transfer, excitation,

ionization, ... how much lumping?)

• How complex is the target (H, He, Ar, W, H
2
, H

2
O, radical, DNA, ....)?

• Do the calculation yourself or beg/pay somebody to do it for you?

• What accuracy can you live with?

• Are you interested in numbers or “correct” numbers?

• Which numbers do really matter?
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Move on to Computational Methods



Classification of Numerical Approaches
• Special Purpose (elastic/total): OMP (pot. scatt.); Polarized Orbital

• Born-type methods
• PWBA, DWBA, FOMBT, PWBA2, DWBA2, ...

• fast, easy to implement, flexible target description, test physical assumptions

• two states at a time, no channel coupling, problems for low energies and optically

forbidden transitions, results depend on the choice of potentials, unitarization

• (Time-Independent) Close-coupling-type methods
• CCn, CCO, CCC, RMn, IERM, RMPS, DARC, BSR, ...

• Standard method of treating low-energy scattering; based upon the expansion

ΨLSπ
E (r1, . . . , rN+1) = A

∑
i

∫
ΦLSπ

i (r1, . . . , rN , r̂)
1

r
FE,i(r)

• simultaneous results for transitions between all states in the expansion;

sophisticated, publicly available codes exist; results are internally consistent

• expansion must be cut off (→→→ CCC, RMPS, IERM)

• usually, a single set of mutually orthogonal one-electron orbitals is used

for all states in the expansion (→→→ BSR with non-orthogonal orbitals)

• Time-dependent and other direct methods
• TDCC, ECS

• solve the Schrödinger equation directly on a grid

• very expensive, only possible for (quasi) one- and two-electron systems.

klaus
Text Box
 

klaus
Text Box
 

klaus
Text Box
Recall:  This talk
is NOT a review!



Inclusion of Target Continuum (Ionization)

• imaginary absorption potential (OMP)

• final continuum state in DWBA

• directly on the grid and projection to continuum states (TDCC, ECS)

• add square-integrable pseudo-states to the CC expansion (CCC, RMPS, ...)

Inclusion of Relativistic Effects

• Re-coupling of non-relativistic results (problematic near threshold)

• Perturbative (Breit-Pauli) approach; matrix elements calculated between non-

relativistic wavefunctions

• Dirac-based approach

klaus
Text Box
 

klaus
Text Box
 



The (Time-Independent) Close-Coupling Expansion

• Standard method of treating low-energy scattering

• Based upon an expansion of the total wavefunction as

ΨLSπ
E (r1, . . . , rN+1) = A

∑

i

∫

ΦLSπ
i (r1, . . . , rN , r̂)

1

r
FE,i(r)

• Target states Φi diagonalize the N -electron target Hamiltonian according to

〈Φi′ | HN
T | Φi〉 = Ei δi′i

• The unknown radial wavefunctions FE,i are determined from the solution of a system of coupled integro-

differential equations given by

[

d2

dr2
−

`i(`i + 1)

r2
+ k2

]

FE,i(r) = 2
∑

j

∫

Vij(r)FE,j(r) + 2
∑

j

∫

Wij FE,j(r)

with the direct coupling potentials

Vij(r) = −
Z

r
δij +

N
∑

k=1

〈Φi |
1

|rk − r|
| Φj〉

and the exchange terms

WijFE,j(r) =

N
∑

k=1

〈Φi |
1

|rk − r|
| (A− 1)ΦjFE,j〉
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H Y = E Y
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Close-coupling can yield complete data sets, and the results are internally consistent (unitary theory that conserves total flux)!
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Time-Independent Close-Coupling 



Cross Section for Electron-Impact Excitation of He(1s2)

K. Bartschat, J. Phys. B 31 (1998) L469
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In 1998, deHeer recommends (CCC+RMPS)/2 for uncertainty of 10% or better !

(independent of experiment)
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Total Cross Sections for Electron-Impact Excitation of Helium 
  K. Bartschat, J. Phys. B 31 (1998) L469
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In 1998, de Heer recommends 0.5 x (CCC+RMPS) for uncertainty of 10% 
— independent of experiment!



Metastable Excitation Function in Kr
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Oops — maybe we need
to try a bit harder?



General B-Spline R-Matrix (Close-Coupling) Programs (D)BSR
• Key Ideas:

• Use B-splines as universal

basis set to represent the

continuum orbitals

• Allow non-orthogonal or-

bital sets for bound and

continuum radial functions

• Consequences:

• Much improved target description possible with small CI expansions

• Consistent description of the N-electron target and (N+1)-electron collision

problems

• No “Buttle correction” since B-spline basis is effectively complete

• Complications:

• Setting up the Hamiltonian matrix can be very complicated and lengthy

• Generalized eigenvalue problem needs to be solved

• Matrix size typically 10,000 and higher due to size of B-spline basis

• Rescue: Excellent numerical properties of B-splines; use of (SCA)LAPACK et al.
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not just the numerical basis!
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We have a great program now :):):)

klaus
Text Box
100,000 or more
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 record: 400,000
to do 50-100 times;
0.5 - 1.0 MSU
(1 MSU = $50,000
in NSF Accounting)
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 We also have to solve the problem outside the box for each energy (from 100's to 100,000's).
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 O. Zatsarinny, CPC 174 (2006) 273



                                     List of calculations with the BSR code (rapidly growing)

hv + Li Zatsarinny O and Froese Fischer C  J. Phys. B  33 313 (2000)
hv + He- Zatsarinny O, Gorczyca T W and Froese Fischer C J. Phys. B. 35 4161 (2002)
hv + C- Gibson N D et al. Phys. Rev. A 67, 030703 (2003)
hv + B- Zatsarinny O and Gorczyca T W  Abstracts of XXII  ICPEAC (2003)
hv + O- Zatsarinny O and Bartschat K Phys. Rev. A 73 022714 (2006)
hv + Ca- Zatsarinny O et al. Phys. Rev. A 74 052708 (2006)
e + He Stepanovic et al. J. Phys. B  39 1547 (2006)

Lange M et al. J. Phys. B  39 4179 (2006)
e + C Zatsarinny O, Bartschat K, Bandurina L and Gedeon V  Phys. Rev. A 71 042702 (2005)
e + O Zatsarinny O and Tayal S S  J. Phys. B  34 1299 (2001)

Zatsarinny O and Tayal S S  J. Phys. B  35 241 (2002)
Zatsarinny O and Tayal S S  As. J. S. S. 148 575 (2003)

e + Ne Zatsarinny O and Bartschat K  J. Phys. B  37  2173 (2004)
Bömmels J et al. Phys. Rev. A 71, 012704  (2005)
Allan M et al. J. Phys. B  39  L139 (2006)

e + Mg Bartschat K, Zatsarinny O, Bray I, Fursa D V and Stelbovics A T J. Phys. B 37  2617 (2004)
e + S Zatsarinny O and Tayal S S  J. Phys. B  34 3383 (2001)

Zatsarinny O and Tayal S S  J. Phys. B  35 2493 (2002)
e + Ar Zatsarinny O and Bartschat K  J. Phys. B  37 4693 (2004)
e + K (inner-shell) Borovik A A et al. Phys. Rev. A, 73 062701 (2006)
e + Zn Zatsarinny O and Bartschat K Phys. Rev. A 71 022716 (2005)
e + Fe+ Zatsarinny O and Bartschat K Phys. Rev. A 72 020702(R) (2005)
e + Kr Zatsarinny O and Bartschat K J. Phys. B  40 F43 (2007)
e + Xe Allan M, Zatsarinny O and Bartschat K Phys. Rev. A 030701(R) (2006)
Rydberg series in C Zatsarinny O and Froese Fischer C  J. Phys. B  35 4669 (2002)
osc. strengths in Ar Zatsarinny O and Bartschat K  J. Phys. B: At. Mol. Opt. Phys. 39 2145 (2006)
osc. strengths in S Zatsarinny O and Bartschat K  J. Phys. B: At. Mol. Opt. Phys. 39 2861  (2006)
osc. strengths in Xe Dasgupta A et al. Phys. Rev. A 74 012509 (2006)
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List of early calculations with the BSR code (rapidly growing)
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at least 100 more
 since 2006
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Topical Review:
 J. Phys. B 46 (2013)  112001
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+ SuperMIC at LSU
Supercomputer Center
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now R.I.P.
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Introduction

• Using our semi-relativistic B-spline R-matrix (BSR) method [Zatsarinny and
Bartschat, J. Phys. B 37, 2173 (2004)], we achieved unprecendented agreement
with experiment for angle-integrated cross sections in e−Ne collisions.
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Metastable yield in e-Ne collisions
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Move on to Collisions ...
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Expanded view of the resonant features in selected cross sections for the excitation
of the 3p states. Experiment is shown by the more ragged red line, theory by the
smooth blue line. The present experimental energies, labels (using the notation
of Buckman et al.et al.et al. (1983), and configurations of the resonances are given above the
spectra. Threshold energies are indicated below the lower spectrum.
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Resonances in the excitation of the Ne (2p53p) states
Allan, Franz, Hotop, Zatsarinny, Bartschat (2009), J. Phys. B 42, 044009
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it's looking 
good :):):)
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expt.
BSR31



Metastable Excitation Function in Kr
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What a difference :):):)
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JPB 43 (2010) 074031 
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Collisions at "intermediate energies":
Coupling to the continuum can be very, very important.
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BIG SURPRISE (discovered through a GEC collaboration): 
This is not what I learned in "Introduction to Atomic Collision Theory".
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optically allowed 2p –> 3d 
transition should be easy
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???
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very strong model
dependence of the results 
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Convergence and sensitivity studies provide a systematic way to assign some uncertainty to theoretical predictions,
which is becoming an increasingly "hot" topic.
(PRA editorial 2011, IAEA/ITAMP workshop 2014, IAEA 2016, ...)
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Since then, we have shown that this is a general
problem in electron collisions with outer p-shell
targets (e.g., C, N, F, Cl, Ar). 




The “Straightforward” Close-Coupling Formulation

• Recall: We are interested in the ionization process

e0(k0, µ0) + A(L0, M0; S0, MS0
) → e1(k1, µ1) + e2(k2, µ2) + A+(Lf , Mf ; Sf , MSf

)

• We need the ionization amplitude

f(L0, M0, S0; k0 → Lf , Mf , Sf ; k1, k2)

• We employ the B-spline R-matrix method of Zatsarinny (CPC 174 (2006) 273)

with a large number of pseudo-states:

• These pseudo-states simulate the effect of the continuum.

• The scattering amplitudes for excitation of these pseudo-states are used to

form the ionization amplitude:

f(L0, M0, S0; k0 → Lf , Mf , Sf ; k1, k2) =
∑

p

〈Ψk2

−

f |Φ(LpSp)〉 f(L0, M0, S0; k0 → Lp, Mp, Sp; k1p).

• Both the true continuum state |Ψk2

−

f 〉 (with the appropriate multi-channel

asymptotic boundary condition) and the pseudo-states |Φ(LpSp)〉 are consistently

calculated with the same close-coupling expansion.

• In contrast to single-channel problems, where the T -matrix elements can be

interpolated, direct projection is essential to extract the information in multi-

channel problems.

• For total ionization, we still add up all the excitation cross sections for the

pseudo-states.
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This is the essential idea – just do it!
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This detour and direct projection is the essential idea – we'll see if it works.
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Ionization in the Close-Coupling Formalism
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Ionization amplitudes in electron-hydrogen collisions

I. Bray, C. J. Guilfoile, A. S. Kadyrov, D. V. Fursa, and A. T. Stelbovics
ARC Centre for Antimatter-Matter Studies, Curtin University, GPO Box U1987, Perth, WA 6845, Australia

(Received 3 June 2014; published 15 August 2014)

Recently Zatsarinny and Bartschat [Phys. Rev. Lett. 107, 023203 (2011)] have given an ansatz for extracting
ionization amplitudes from close-coupling calculations of electron-impact ionization of atoms. They applied it
with extraordinary success to a fully differential cross section of electron-helium single ionization leaving the
residual ion in an n = 2 state. By considering electron-impact ionization of atomic hydrogen we explain the
origin of the ansatz and show that it forms an effective interpolation scheme for determining the amplitudes, so
long as the pseudostate energy distribution is sufficiently dense.

DOI: 10.1103/PhysRevA.90.022710 PACS number(s): 34.80.Dp

I. INTRODUCTION

The last two decades have seen extraordinary progress in
the field of calculating electron-impact differential ionization
of atoms. Following the pioneering approach of Curran and
Walters [1] the convergent close-coupling (CCC) method [2]
was extended to ionization processes for hydrogen [3] and
helium [4], with the goal of yielding accurate results for
any total energy E > 0. Along the way unexpected behavior
of the resulting close-coupling excitation amplitudes for
positive-energy ε(N)

n < E states was found [5]. Whenever the
energy of the projectile k2

n/2 was less than the energy of
the target electron E/2 < ε(N)

n < E the excitation amplitudes
were shown to converge to zero with increasing N , leading to
a step function [6]. This, in effect, resolved the apparent in-
consistency of the close-coupling approach to ionization with
the standard theory by reducing the inherent close-coupling
secondary energy integration interval from [0,E] to [0,E/2],
as would be expected for identical electrons. A detailed
analysis suggested that solving the close-coupling equations is
like taking a Fourier expansion of the underlying step-function
complex amplitudes, with convergence to half the step height
at ε(N)

n = k2
n/2 = E/2 [7]. This explained the oscillations seen

for ε(N)
n < E/2 and the stability of the results at E/2.

The CCC approach required interpolation of complex
amplitudes available at discrete energies ε(N)

n to yield the
ionization amplitude at the measured energy of interest. This
is particularly problematic using a Laguerre basis in the
E/2 region where the energy distribution is most sparse.
Attempting to avoid (at the time) impossibly large calculations,
a systematic variation of the Laguerre exponential fall-off λl

was used to ensure that ε(N)
n = E/2 for each orbital angular

momentum l � lmax. This created a systematic convergence
problem [8]. However, the exterior complex scaling method [9]
had no such problems and was the first computational method
to show complete agreement with the measured equal energy-
sharing e-H ionization differential cross sections. Soon after,
when greater computational resources were available, the CCC
formalism was shown to be able to do the same [10].

All of the computational methods had to deal with the vexed
question of how to correctly extract the ionization amplitudes
from the calculations. This topic is in itself immense. A
review of the underlying formal theory has been given by
Kadyrov et al. [11] and a connection to various computational
techniques discussed by Bray et al. [12]. Recently Zatsarinny
and Bartschat [13] have suggested a novel ansatz for the

problem using the B-spline R-matrix (BSR) method with
pseudostates for e-He scattering calculations with extensive
comparison with experiments [14]. In particular, they yielded
good agreement with the experiment of Bellm et al. [15,16]
for e-He fully differential ionization leaving the residual ion
in n = 1 and n = 2 states. Furthermore, a recent application
has yielded good agreement with measurements of the e-He
ionization with excitation-integrated cross sections [17].

II. THEORY

The ansatz of Zatsarinny and Bartschat [13] is as applicable
to atomic hydrogen as it is to helium and appears to follow the
same derivation route as for the CCC method [4,10]. Staying
with the atomic hydrogen case, the total e-H Hamiltonian H

is written as

H = K1 + K2 + V1 + V2 + V12, (1)

where the indices indicate the two electrons (1 for projectile
space; 2 for target space), K is the one-electron kinetic energy
operator, V is the electron-nucleus interaction, and V12 is the
electron-electron interaction.

The Schrödinger equation (H − E)|�(+)
Si 〉 = 0, where S is

the total spin and i is the initial state, is solved by firstly
obtaining the N target (pseudo)states via〈

φ(N)
m

∣∣K2 + V2

∣∣φ(N)
n

〉 = εnδmn, (2)

in a Laguerre basis in the case of the CCC method [2].
Box-basis states [18], which are similar in their energy
distribution to those in the BSR method, may also be used.
The completeness of the states ensures that for

I
(N)
2 =

N∑
n=1

∣∣φ(N)
n

〉〈
φ(N)

n

∣∣ (3)

we have

lim
N→∞

I
(N)
2 = I2, (4)

the true identity operator in target space.
The close-coupling expansion may be written as

0 = (H − E)|�(+)
Si 〉

≈ (H − E)(1 + (−1)SPr )I (N)
2 |ψ (+)

Si 〉, (5)

where the space exchange operator Pr ensures the required
symmetry for the total (spin-dependent) wave function �

(+)
Si ,

irrespective of the symmetry of the numerically obtained ψ
(+)
Si .

1050-2947/2014/90(2)/022710(4) 022710-1 ©2014 American Physical Society
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In the Conclusions, it is stated:
 [W]e believe the ansatz presented by Zatsarinny and Bartschat [13 ] is in effect a useful interpolation procedure for generating ionization amplitudes at any secondary energy, but it has no formal origin ...
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for full disclosure ...



Total and Single-Differential Cross Section
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• Including correlation in the ground state reduces the theoretical result.

• Interpolation yields smoother result, but direct projection is acceptable.

• DIRECT PROJECTION is NECESSARY for MULTI-CHANNEL cases!

klaus
Text Box
definitely looks o.k.
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So far, so good ...  Let's go for more detail!
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Some Checks: Ionization without Excitation (compare to CCC and TDCC)
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That's a lot of states!
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Total cross section = sum of  excitation cross sections to positive-energy pseudo-states.



Triple-Differential Cross Section for Direct Ionization

experiment: Ren et al. (2011)
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A Benchmark Comparison:
E0 = 195 eV; Phys. Rev. A 83 (2011) 052711



The	
  latest:	
  (e,2e)	
  on	
  Ar	
  (3p6)	
  
E0	
  =	
  66	
  eV;	
  E1	
  =	
  47	
  eV;	
  E2	
  =	
  3	
  eV;	
  θ1	
  =	
  15

o	
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(e,2e) on Ar is a very  l .. o .... n .......... g story.  It includes the discovery of an error in the processing of the raw experimental data, which was found by the confidence gained in BSR predictions ...
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The agreement is not perfect, but no other theory (that we know of) gets anywhere near experiment.
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X. Ren et al. (Phys. Rev. A 93 (2016) 062704)



No More Spectators:  
Ionization with Excitation of Helium 

 
All Three Electrons Change Their Quantum State 

 
(Movie by Allison Harris, Illinois State University) 

 
  



Triple-Differential Cross Section Ratio

experiment: Bellm, Lower, Weigold; measured directly

20 40 60 80 100 120
0

50

100

150

20 40 60 80 100 120
0

50

100

150

20 40 60 80 100 120
0

50

100

150

20 40 60 80 100 120
0

50

100

150

20 40 60 80 100 120
0

50

100

150

20 40 60 80 100 120
0

50

100

20 40 60 80 100 120
0

50

100

150

20 40 60 80 100 120
0

50

100

150

20 40 60 80 100 120
0

50

100
 

 

1 = 24o

E1=44 eV
E2=44 eV

  expt.
  BSR
  DWB2-RMPS

1 = 36o

 

 

1 = 48o

 

 

1 = 32o

 

 

1 = 44o

 

 

2 (deg)

1 = 56o

 

 

1 = 28o

 

 

n=
1/

n=
2 

 C
ro

ss
 S

ec
tio

n 
R

at
io

 

1 = 40o

 

 

1 = 52o

 

 

klaus
Text Box
DWB+RM hybrid method not appropriate for symmetric kinematics at all!
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BSRMPS works great: PRL 107 (2011) 023203



Main	
  Result	
  

experiments	
  

other	
  theories	
  

BSR	
  	
  
(2	
  methods)	
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We believe that we finally calculated "zero" correctly :-)
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angle-integrated cross section



Modeling	
  a	
  Cs-­‐based	
  DPAL	
  

Input:	
  DBSR	
  cross	
  secEons	
  
Output	
  (M.	
  J.	
  Kushner’s	
  group):	
  	
  
DensiEes	
  of	
  various	
  species	
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Closing the Loop:
Collision Input —> Modeling Output —> System Information 



Modeling	
  a	
  Cs-­‐based	
  DPAL	
  

Input:	
  DBSR	
  cross	
  secEons	
  
Output	
  (M.	
  J.	
  Kushner’s	
  group):	
  	
  
DensiEes	
  of	
  various	
  species	
  

InformaEon:	
  	
  There	
  is	
  significant	
  plasma	
  formaEon	
  aOer	
  a	
  number	
  	
  
of	
  shots.	
  This	
  reduces	
  the	
  length	
  of	
  the	
  pump	
  pulse	
  due	
  to	
  depleEon	
  	
  
of	
  the	
  neutral	
  levels.	
  	
  



Remote	
  plasma	
  etching	
  using	
  an	
  Ar/NF3/O2	
  mixture	
  

Input	
  from	
  J.	
  Tennyson’s	
  group:	
  
Many	
  cross	
  secEons,	
  including	
  those	
  

for	
  e-­‐NF2	
  (not	
  available	
  from	
  experiment)	
  
Output	
  (M.	
  J.	
  Kushner’s	
  group):	
  	
  
DensiEes	
  of	
  various	
  species	
  



Remote	
  plasma	
  etching	
  using	
  an	
  Ar/NF3/O2	
  mixture	
  

Input	
  from	
  J.	
  Tennyson’s	
  group:	
  
Many	
  cross	
  secEons,	
  including	
  those	
  

for	
  e-­‐NF2	
  (not	
  available	
  from	
  experiment)	
  
Output	
  (M.	
  J.	
  Kushner’s	
  group):	
  	
  
DensiEes	
  of	
  various	
  species	
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Information: These results are being used to choose the most effective feedstock gases.Then optimize their mixture and other plasma parameters.



Conclusions and Outlook

• Despite the field’s maturity, significant innovations are constantly being made to

study electron collisions with atoms and molecules – and they are needed!

• There exist many fruitful collaborations between experimentalists, theorists, and

users outside of AMO who need (and use) these data.

• Experimental benchmark data remain very important to test and push theory!

• With such benchmark data and comparisons between predictions from highly

sophisticated methods in hand, we can finally estimate uncertainties of these

predictions.

• Although we usually need supercomputers to get a reliable answer, there is room

for interpretation of the physics. → Propensity in equal-energy sharing (e,2e).

• Knowledge about electron collisions also helps to understand photon-induced

processes, in weak-field, strong-field, steady-state, and time-dependent cases.

• And maybe the field is just about to be (re)discovered in quantum information ...

Thank You for Your Attention!
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1.  Introduction

There is growing acceptance that benchmark atomic and 
molecular (A+M) calculations should follow accepted exper­
imental practice and include an uncertainty estimate alongside 
any numerical values presented [1]. Increasingly, A+M com­
putations are also being used as the primary source of data for 
input into modeling codes. It is our assertion that these data 
should, if at all possible, be accompanied by estimated uncer­
tainties. However, it is not at all straightforward to assess the 
uncertainties associated with A+M computations. The aim of 
this work is to provide guidelines for A+M theorists to acquire 
uncertainty estimates as a routine part of their work. We con­
centrate on data that are most important for high-temperature 
plasma modeling: data for A+M structure, electron-atom (or 

ion) collisions, electron collisions with small molecules, and 
charge transfer in ion-atom collisions.

Uncertainty quantification (UQ) is a very active research 
area in connection with simulations of complex systems aris­
ing in weather and climate modeling, simulations of nuclear 
reactors, radiation hydrodynamics, materials science, and 
many other applications in science and engineering. A report 
from the USA National Research Council [2] provides a valu­
able survey. The current state of the field is reflected in the 
biennial meeting of the SIAM Activity Group on uncertainty 
quantification [3]. This field of UQ for complex systems has a 
mathematical core in the description of uncertainty propaga­
tion for chaotic deterministic and stochastic evolution equa­
tions  in many dimensions (‘polynomial chaos’). In many 
cases the interest is then focused on systems for which the 
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Conclusions and Outlook

• Despite the field’s maturity, significant innovations are constantly being made to

study electron collisions with atoms and molecules – and they are needed!

• There exist many fruitful collaborations between experimentalists, theorists, and

users outside of AMO who need (and use) these data.

• Experimental benchmark data remain very important to test and push theory!

• With such benchmark data and comparisons between predictions from highly

sophisticated methods in hand, we can finally estimate uncertainties of these

predictions.

• Although we usually need supercomputers to get a reliable answer, there is room

for interpretation of the physics. → Propensity in equal-energy sharing (e,2e).

• Knowledge about electron collisions also helps to understand photon-induced

processes, in weak-field, strong-field, steady-state, and time-dependent cases.

• And maybe the field is just about to be (re)discovered in quantum information ...

Thank You for Your Attention!
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We report a combined experimental and theoretical study on the electron-impact ionization of helium at E0 =
70.6 eV and equal energy sharing of the two outgoing electrons (E1 = E2 = 23 eV), where a double-peak or dip
structure in the binary region of the triple differential cross section is observed. The experimental cross sections
are compared with results from convergent close-coupling (CCC), B-spline R-matrix-with-pseudostates (BSR),
and time-dependent close-coupling (TDCC) calculations, as well as predictions from the dynamic screening
three-Coulomb (DS3C) theory. Excellent agreement is obtained between experiment and the nonperturbative
CCC, BSR, and TDCC theories, and good agreement is also found for the DS3C model. The data are further
analyzed regarding contributions in particular coupling schemes for the spins of either the two outgoing electrons
or one of the outgoing electrons and the 1s electron remaining in the residual ion. While both coupling schemes can
be used to explain the observed double-peak structure in the cross section, the second one allows for the isolation
of the exchange contribution between the incident projectile and the target. For different observation angles of
the two outgoing electrons, we interpret the results as a propensity for distinguishing these two electrons—one
being more likely the incident projectile and the other one being more likely ejected from the target.

DOI: 10.1103/PhysRevA.92.052707 PACS number(s): 34.80.Dp

I. INTRODUCTION

The interaction of electrons with matter is of fundamental
importance in a wide variety of scientific and practical
applications for the understanding of the collision dynamics
and the structures of matter in the fields of physics, chemistry,
biology, and surface science [1,2].

Two outgoing electrons usually emerge in electron-impact
ionization of matter. One of these electrons is generally the
scattered projectile while the other one is the secondary
electron originating from the ejection of a target bound
electron in a so-called (e,2e) reaction. A comprehensive way of
characterizing the dynamics of the (e,2e) ionization process
is to detect the two outgoing electrons in coincidence. This
is a kinematically complete experiment, in which the linear
momentum vectors of all final-state particles are determined.
Such experiments serve as a powerful tool to understand the
quantum few-body problem [3,4]. The quantity measured
in such experiments is the triple-differential cross section
(TDCS), i.e., a cross section that is differential in the solid
angles of both electrons and the energy of one of them. The
energy of the other electron is given by energy conservation.

Electron-impact ionization of atoms and molecules has
been extensively studied by theory and experiment due to
its basic role as the fundamental few-body system (see, for

*ren@mpi-hd.mpg.de

example, [5–29]). Today, the measured TDCS, even in three-
dimensional (3D) representations, can be well reproduced by
the most sophisticated nonperturbative theories, particularly
for simple (quasi-)one- and (quasi-)two-electron targets such
as H, He, or the light alkali-metal and alkaline-earth-metal
elements. Sophisticated perturbative models may also give
detailed insight into the most important interactions and
mechanisms, since they can generally be modified more
easily compared to approaches that concentrate on solving
the underlying quantum mechanical equations to the highest
degree of numerical accuracy currently possible.

Recently, studies on the ionization of helium by electron
impact (E0 = 70.6 eV) reported excellent agreement between
experiment and theoretical predictions from the convergent
close-coupling (CCC) and time-dependent close-coupling
(TDCC) methods [20]. Moreover, an additional node structure
was observed in the binary region of the TDCS at θ1 =
−30◦ and equal energy sharing (E1 = E2 = 23 eV); see the
kinematics in Fig. 1. Such a feature is unexpected for ionization
of a He(1s) electron [3,4].

According to the principles of quantum mechanics, the two
free electrons resulting from the electron-impact ionization
process are experimentally indistinguishable. Nevertheless,
for highly asymmetric energy sharing, one often refers to
the faster of the two outgoing electrons as the “scattered
projectile,” while the slower one is considered as the “ejected
electron.” This classification is due to a propensity based on a
classical picture, but it would obviously not be applicable in the
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FIG. 2. (color online) Three-dimensional (3D) representa-
tion of the TDCS for (e, 2e) on He at equal energy sharing
(E1 = E2 = 23 eV) as a function of the emission angle θ2 of
one electron with the other electron’s detection angle θ1 be-
ing fixed to: (a) and (b) θ1 = −35°; (c) and (d) θ1 = −40°;
(e) and (f) θ1 = −45°; (g) and (h) θ1 = −50°. Left column:
experiment. Right column: CCC calculation.

lobe can be attributed to a binary collision followed by
backscattering in the ionic potential, thus resulting in
emission roughly along the direction of −~q. The most sur-
prising feature observed in the experiment is the splitting
of the binary lobe into two parts. Their relative intensi-
ties are strongly dependent on the scattering angle θ1. It
can be seen that the contribution of the binary-B peak
is stronger than the binary-A peak for θ1 = −35° [c.f.
Figs. 2 (a) and (b)], and vice versa for θ1 = −45° and
−50°, as seen in Figs. 2 (e)−(h). Their relative con-
tributions are about equal for θ1 = −40°, as seen in
Figs. 2 (c) and (d). This causes a double-peak structure
with a dip roughly in the direction of the momentum
transfer ~q. Given the characteristic momentum profile of

FIG. 3. (color online) Experimental data compared with
CCC, RMPS, and TDCC predictions for the TDCS in the
scattering plane for equal energy sharing (E1 = E2 = 23 eV)
as a function of the detection angle of one electron (θ2) with
the other electron’s detection angle θ1 fixed to −35° (a),
−40° (b), −45° (c), and −50° (d). Also shown are the TDCC
results for the contributions from the singlet and triplet spin
channels constructed from coupling the spins of the two out-
going electrons. See text for details.

the 1s2 ground state of helium, such a minimum is unex-
pected for this case [31]. Regarding comparison between
experiment and theory, all observed features in the 3D
image are very well reproduced by the CCC and BSR
(not shown) theories.

For a more quantitative investigation of the observed
structures in the TDCS, cuts through the 3D images of
the TDCS are exhibited in Fig. 3. The cross sections
in the scattering plane (indicated by the solid frame in
Fig. 2 (c) and also the sketch in Fig. 1) are presented as a
function of the emission angle θ2 with the other electron’s
detection angle being fixed between −35° and −50°. Also
included in Fig. 3 are the theoretical predictions from the
CCC, BSR, and TDCC methods. Excellent agreement is
obtained between the experimental data and all theories.

In order to push the analysis further, it is now neces-
sary to discuss in some detail how the TDCS is actually
obtained in the various methods. In the TDCC approach
(James and Mitch need to check this!), the spin of
the incident projectile is coupled to that of the ejected
electron to form either a singlet or triplet combined spin
of this two-electron subsystem. The remaining target
electron is treated like a spectator, and its spin is not con-
sidered at all. In other words, the active target electron
is treated like the valence electron of an alkali atom. Due
to the fact that the total spin of the three-electron system
is Stot = 1/2 (in the nonrelativistic approximation), it is
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FIG. 4. (color online) Same as Fig. 3, except that the BSR
theory is used to compare with the experimental data. Also
shown are the contributions to the TDCS that originate from
excitation of the singlet and triplet target states. See text for
details.

not appropriate to associate the contribution to the sin-
glet and triplet amplitudes with “direct” and “exchange”
processes, as would be done in collisions with an actual
(quasi-)one-electron target. In order to do this, the spin
of the spectator electron would need to be accounted for.
Nevertheless, we see that the TDCS is the sum of the
singlet and triplet contributions and, most importantly,
that the triplet cross section vanishes for θ1 = θ2, as is
required by the Pauli Principle. This forced zero of the
TDCS is then also reflected in the dip structure.

A different way of splitting up the contributions to the
TDCS is employed in the pseudo-state close-coupling ap-
proach, which is the basis of both the CCC and BSR ways
to account for coupling to the ionization continuum. In
these models, a two-step process is used. First, one calcu-
lates the excitation of discrete (bound-like) pseudo-states
of the helium target, and in a second step excitation of
the states that lie above the physical ionization thresh-
old is reinterpreted as ionization. While the details vary
greatly in the two approaches, the basic idea is the same.
Most importantly, these formulations conserve the total
spin Stot of the three-electron system. Hence, with the
initial bound state being (1s2)1S, they only allow for
Stot = 1/2 in the present non-relativistic approximation.
Furthermore, the triplet states of the target can only be
excited by exchange, while the singlet states could be ex-
cited by both direct and exchange processes. In other
words, the excitation of the triplet states measures the
exchange contribution individually, while the excitation
of the singlet states contains the direct process, the ex-
change process, and their interference.

FIG. 5. (color online) Same as Fig. 3, except that the DS3C
theory (solid line) is used to compare with the experimen-
tal data. Also shown are the separate direct and exchange
contributions. See text for details.

Looking at the BSR results from the two sets of target
states in Fig. 4, we see that the exchange contribution to
the binary peak grows when the detection angle θ1 grows
in magnitude. Except for θ1 = −35°, the binary peak
seen at θ2 = 30° almost entirely comes from excitation of
the triplet states. In other words, there is a propensity
that the electron detected at θ2 = 30° is actually the orig-
inal projectile, rather than the electron that is detected
at θ1 = −50°. We also see that the double-peak structure
at θ1 = −40° is basically caused by the rapid growth of
the exchange contribution and the simultaneous decrease
of the remainder. We emphasize again that this remain-
der in the BSR and CCC formalism is not separable into
direct and exchange contributions.

As mentioned above, a perturbative theory can often
give detailed insight into the mechanisms of the process
studied. In Fig. 5, the experimental TDCS data in the
scattering plane are compared with predictions from the
DS3C model. In contrast to 3C (not shown), DS3C also
produces good agreement with the experimental observa-
tion, except for θ1 = −40° where the double-peak struc-
ture is indicated but with an apparently different (from
experiment and the other theories) weight of the under-
lying peaks. Furthermore, the binary peaks are slightly
too wide for θ1 = −45° and −50°.

A nice feature of the DS3C approach is the ability to
calculate individually the contributions from the direct
and exchange processes. (Jamal will need to explain
how that is actually done. My guess is that he
first calculates f and g and then gets the TDCS
as |f − g|2 + |g|2.) As explained above, however, the
TDCS is not the sum of the two contributions, as is also
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Conclusions and Outlook

• Despite the field’s maturity, significant innovations are constantly being made to

study electron collisions with atoms and molecules – and they are needed!

• There exist many fruitful collaborations between experimentalists, theorists, and

users outside of AMO who need (and use) these data.

• Experimental benchmark data remain very important to test and push theory!

• With such benchmark data and comparisons between predictions from highly

sophisticated methods in hand, we can finally estimate uncertainties of these

predictions.
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• Knowledge about electron collisions also helps to understand photon-induced
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We revisit the time-resolved photoemission in neon atoms as probed by attosecond streaking. We calculate
streaking time shifts for the emission of 2p and 2s electrons and compare the relative delay as measured in a
recent experiment by Schultze et al. [Science 328, 1658 (2010)]. The B-spline R-matrix method is employed
to calculate accurate Eisenbud-Wigner-Smith time delays from multielectron dipole transition matrix elements
for photoionization. The additional laser field-induced time shifts in the exit channel are obtained from separate,
time-dependent simulations of a full streaking process by solving the time-dependent Schrödinger equation on
the single-active-electron level. The resulting accurate total relative streaking time shifts between 2s and 2p

emission lie well below the experimental data. We identify the presence of unresolved shake-up satellites in the
experiment as a potential source of error in the determination of streaking time shifts.

DOI: 10.1103/PhysRevA.89.033417 PACS number(s): 32.80.Fb, 32.80.Rm, 42.50.Hz, 42.65.Re

I. INTRODUCTION

The photoelectric effect, i.e., the emission of an electron
after the absorption of a photon, is one of the most fundamental
processes in the interaction of light with matter. Progress in
the creation of ultrashort light pulses during the past decade
[1–3] has enabled the time-resolved study of photoemission
with attosecond (1 as = 10−18 s) precision. In a pioneering
experimental work, Schultze et al. [4] reported a time delay
of 21 ± 5 as between the emission of 2s and 2p electrons
from neon, measured using the attosecond streaking technique
[5–8]. However, the measured relative delay has not yet
been quantitatively confirmed by theory, even though several
time-dependent as well as time-independent state-of-the-art
methods have already been applied to the problem [4,9–12].

Previous time-dependent studies have been aimed at a
simulation of the streaking spectrogram [4,10,11], whereas
the time-independent approaches [4,9,12] have focused on
accurate calculations of the quantum-mechanical Eisenbud-
Wigner-Smith (EWS) delay [13–15] from the dipole-matrix
elements for the photoionization process, i.e., the group delay
of the photoelectron wave packet [16]. The latter methods
allow for an accurate description of electronic correlations
in the photoionization process, but they ignore the influence
of the infrared (IR) field on the extracted time shifts. For the
time-dependent simulations, the situation is reversed. While
they account for the influence of the IR streaking field on
the photoemission process, their inclusion of electron-electron
correlation is incomplete. So far only simulations for one
and two active electrons in model systems [11,17] and time-
dependent R-matrix calculations for Ne with restricted basis
sizes [10] have become available.

*johannes.feist@uam.es
†stefan.nagele@tuwien.ac.at

The starting point of the present investigation is the key
observation [11,17–21] that the contributions to the total
streaking time delay tS, due to the intrinsic atomic EWS
delay and to the IR streaking field, are strictly additive with
subattosecond precision. Therefore, both contributions can be
determined independently of each other in separate treatments,
both featuring high precision.

In this contribution, we implement such an approach for
calculating the total streaking time shifts tS for the neon atom
by using the B-spline R-matrix (BSR) method [22,23] for
the EWS delays and accurate time-dependent ab initio one-
and two-active electron simulations [17,20,24] for simulating
IR-field-induced time shifts containing a Coulomb laser,
tCLC [17,18,21], and a dipole-laser coupling contribution,
tdLC [20,21,25]. This procedure has the advantage that the
calculation of both contributing parts can be independently
optimized. We find the resulting time delay, �tS = t

(2p)
S − t

(2s)
S ,

to be about a factor of 2 smaller than the experiment,
which seems well outside the theoretical uncertainty of our
calculation. We furthermore explore the possible influence of
unresolved shake-up channels in the experiment as a potential
source of error in the determination of �tS.

This paper is organized as follows. In Sec. II we describe
our method. This is followed by a presentation and discussion
of our results for tEWS, tCLC, and the total streaking time delay
�tS in Sec. III. Possible corrections due to contamination by
shake-up channels are discussed in Sec. IV, followed by a brief
summary (Sec. V). Atomic units are used throughout unless
explicitly stated otherwise.

II. THEORETICAL APPROACH

Time-resolved atomic photoionization in an
attosecond-streaking setting involves two light
fields, namely the ionizing isolated attosecond pulse
in the extreme ultraviolet (XUV) range of the

1050-2947/2014/89(3)/033417(7) 033417-1 ©2014 American Physical Society
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Xiaoxu Guan,1 O. Zatsarinny,1 K. Bartschat,1 B. I. Schneider,2 J. Feist,3 and C. J. Noble1,4

1Department of Physics and Astronomy, Drake University, Des Moines, Iowa 50311, USA
2Physics Division, National Science Foundation, Arlington, Virginia 22230, USA

3Institute for Theoretical Physics, Vienna University of Technology, A-1040 Vienna, Austria
4Computational Science and Engineering Department, Daresbury Laboratory, Warrington WA4 4AD, United Kingdom

�Received 24 April 2007; revised manuscript received 13 September 2007; published 15 November 2007�

A general ab initio and nonperturbative method to solve the time-dependent Schrödinger equation �TDSE�
for the interaction of a strong attosecond laser pulse with a general atom, i.e., beyond the models of quasi-
one-electron or quasi-two-electron targets, is described. The field-free Hamiltonian and the dipole matrices are
generated using a flexible B-spline R-matrix method. This numerical implementation enables us to construct
term-dependent, nonorthogonal sets of one-electron orbitals for the bound and continuum electrons. The
solution of the TDSE is propagated in time using the Arnoldi-Lanczos method, which does not require the
diagonalization of any large matrices. The method is illustrated by an application to the multiphoton excitation
and ionization of Ne atoms. Good agreement with R-matrix Floquet calculations for the generalized cross
sections for two-photon ionization is achieved.

DOI: 10.1103/PhysRevA.76.053411 PACS number�s�: 32.80.Rm, 32.80.Fb

I. INTRODUCTION

The ongoing development of ultrashort and ultraintense
light sources based on high-harmonic generation and free-
electron lasers is providing new ways to generate optical
pulses capable of probing dynamical processes that occur on
attosecond time scales �1�. These attosecond pulses are pro-
viding a window to study the details of electron interactions
in atoms and molecules in the same way that femtosecond
pulses revolutionized the study of chemical processes. Single
attosecond pulses or pulse trains open up new avenues for
time-domain studies of multielectron dynamics in atoms,
molecules, plasmas, and solids on their natural, quantum-
mechanical time scale and at distances shorter than molecu-
lar and even atomic dimensions. These capabilities promise a
revolution in our microscopic knowledge and understanding
of matter �2�. A major role for theory in attosecond science is
to elucidate novel ways to investigate and to control elec-
tronic and other processes in matter on such ultrashort time
scales.

The ingredients of an appropriate theoretical and compu-
tational formulation require an accurate and efficient genera-
tion of the Hamiltonian and electron-field interaction matrix
elements, as well as an optimal approach to propagate the
time-dependent Schrödinger equation �TDSE�. Many theo-
retical papers have been devoted to the propagation of the
TDSE including laser pulses. The earliest calculations em-
ployed finite-difference methods �3� to discretize the spatial
coordinates. As shown in a recent review by Pindzola et al.
�4�, this method is still being used with great success today.
Other formulations employ finite-element �5�, discrete-
variable, or finite-element discrete-variable representation
�FEDVR� �6–8� approaches to discretize the coordinates and
thereby take advantage of the higher accuracy afforded by
these methods. Time propagation of the wave function may
also be accomplished by a variety of techniques. These in-
clude simple approaches such as the leapfrog or Runge-Kutta
�9� method to more sophisticated split-operator �10� or Kry-

lov space iterations �11,12�. A selected set of references is
given in the bibliography. The relevant physical information
is extracted from the TDSE by projecting the wave function
onto appropriate long-range solutions after the laser inter-
action has vanished. The details of the process depend on
what parameters are desired; total ionic yields are relatively
simple to extract while differential or doubly differential
quantities necessitate more work �4�.

In this paper we consider an approach to model the inter-
action of an atomic system with a strong laser pulse. We
combine a highly flexible R-matrix method �13–15�, includ-
ing nonorthogonal sets of atomic orbitals to describe the ini-
tial bound state as well as the ejected-electron–residual-ion
interaction, with the Arnoldi-Lanczos iterative propagation
scheme. In contrast to many other methods currently being
used for such problems �16–18�, the present implementation
is not restricted to �quasi�one or �quasi�two electron targets.
It can be applied to complex atoms, such as inert gases other
than helium and even open-shell systems with nonvanishing
spin and orbital angular momenta. We illustrate the method
with results for multiphoton excitation and ionization of
neon by a linearly polarized laser pulse.

II. NUMERICAL METHOD

A. The B-spline R-matrix method

Unless specified otherwise, atomic units are used through-
out this manuscript. The TDSE for the N-electron wave func-
tion ��r1 , . . . ,rN ; t� of the present problem is given by

i
�

�t
��r1, . . . ,rN;t� = �H0�r1, . . . ,rN�

+ V�r1, . . . ,rN;t����r1, . . . ,rN;t� ,

�1�

where H0�r1 , . . . ,rN� is the field-free Hamiltonian containing
the sum of the kinetic energy of the N electrons, their poten-
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Abstract
We present an ab initio and non-perturbative time-dependent approach to the problem of
double ionization of a general atom driven by intense XUV laser pulses. After using a highly
flexible B-spline R-matrix method to generate field-free Hamiltonian and electric dipole
matrices, the initial state is propagated in time using an efficient Arnoldi–Lanczos scheme.
Test calculations for double ionization of He by a single laser pulse yield good agreement with
benchmark results obtained with other methods. The method is then applied to two-colour
pump–probe processes, for which momentum and energy distributions of the two outgoing
electrons are presented.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The two-photon double ionization (DI) of the helium atom
induced by intense short XUV laser pulses has received
considerable attention from both theorists and experimentalists
alike. Instead of listing a large number of references here, we
note that much of the recent work was quoted in recent papers
[1, 2]. Even within the past few months, however, several
additional papers have appeared.

Given the intensities and lengths of the laser pulses
involved, the numerical approaches used to tackle this problem
are all essentially attempts to solve the time-dependent
Schrödinger equation (TDSE), beginning with a well-defined
initial state before the laser strikes and then propagating this
state in the presence of the laser field by one of a number of
numerical approaches. Once the laser is switched off, various
probabilities and, in some cases, generalized cross sections
can be extracted.

Over the past two years, our group has been working on
the development of a general ab initio theoretical approach,

which is applicable to complex targets beyond (quasi) two-
electron systems. In two recent papers [3, 4], we outlined how
field-free Hamiltonian and electric dipole matrices generated
with the highly flexible B-spline R-matrix (BSR) [5] suite of
codes may be combined with an efficient Arnoldi–Lanczos
time-propagation scheme to describe the interaction of short
intense laser pulses with a complex atom, leading to multi-
photon excitation and single ionization. The key points of
our method are the following: (1) we employ the BSR code,
which allows for the use of non-orthogonal orbital sets, to
generate field-free Hamiltonian and dipole matrices. (2) We
then set up an efficient Arnoldi–Lanczos scheme to propagate
the initial state in time. (3) Finally, we extract the information
by standard projection schemes.

In the present paper, we report on the extension of this
approach and the corresponding computer code [6] to allow
for two electrons in the continuum and hence the possibility
of describing double ionization processes. After outlining
the general method, we present a test application to the He
problem, for which many benchmark results are available

0953-4075/09/134015+08$30.00 1 © 2009 IOP Publishing Ltd Printed in the UK
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We present calculations on the ratio between double and single ionization of helium by a strong laser pulse at
a wavelength of 780 nm using the quantitative rescattering (QRS) model. According to this model, the yield for
the doubly charged ion He2+ can be obtained by multiplying the returning electron wave packet (RWP) with the
total cross sections (TCSs) for electron impact ionization and electron impact excitation of He+ in the singlet
spin channel. The singlet constraint was imposed since the interaction of the helium atom with the laser and the
recollision processes both preserve the total spin of the system. An R-matrix (close-coupling) code is used to
obtain accurate TCSs, while the RWPs, according to the QRS, are calculated by the strong-field approximation
for high-energy photoelectrons. The laser field, which lowers the required energy for the electron to escape from
the nucleus at the time of recollision, is also taken into account. The simulated results are in good agreement
with the measured He2+ / He+ ratio over a broad range of laser intensities. The result demonstrates that the QRS
approach based on the rescattering model is fully capable of quantitatively interpreting nonsequential double
ionization processes.

DOI: 10.1103/PhysRevA.92.063427 PACS number(s): 32.80.Fb, 32.80.Rm, 34.50.Rk, 34.80.Dp

I. INTRODUCTION

The phenomenon of nonsequential double ionization
(NSDI) of atoms that are exposed to intense laser fields has
been the subject of numerous theoretical and experimental
studies for more than three decades. Experimentally, the early
works began with measurements of the total doubly charged
ion yield as a function of the laser intensity [1–4]. The promi-
nent well-known general feature observed in the intensity
dependence of the double ionization data is the appearance of
a characteristic “knee” structure. This dramatic enhancement
of doubly charged ion yields has been explained by the
semiclassical rescattering model [5,6]. Since the differential
helium double ionization measurement by Weber et al. [7]
at the turn of this century, many more experiments [8–16]
were reported on ion momentum distributions along the laser
polarization direction, or momentum correlations between the
two outgoing electrons. Most of the two-electron momentum
distributions exhibit distinct correlated patterns [10], but
anticorrelation structure has also been observed for double
ionization close to threshold [17]. Such differential ion

yields provide more detailed insight into the dynamics of
laser-electron and electron-electron interaction in the double
ionization process. The various measurements have attracted
utmost attention by theorists.

Among the theoretical simulations, numerically solving
the time-dependent Schrödinger equation (TDSE) [14,18,19]
should provide the most accurate results. However, in spite
of the rapid increase in computing power during recent years,
TDSE calculations for NSDI in intense laser fields at wave-
lengths around 800 nm or even longer still represent formidable
computational challenges, and the numerical accuracy of the
predictions is hard to quantify. Even if such pure numerical
solutions could be obtained, the results alone would likely not
offer much insight into the basic mechanisms for the double
ionization processes, such as the role of rescattering and/or
other possible pathways. Today, it is generally accepted that
rescattering is the main mechanism for NSDI. Based on the
S-matrix theory or the strong field approximation (SFA), the
rescattering concept is explicitly embedded in the second-order
term. It has been used to simulate a variety of NSDI processes,

1050-2947/2015/92(6)/063427(9) 063427-1 ©2015 American Physical Society
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Entanglement and Bell Correlation in Electron-Exchange Collisions
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Elastic collisions between initially unpolarized electrons and hydrogenlike atoms are discussed, aiming
to analyze the entanglement properties of the correlated final spin system. Explicit spin-dependent
interactions are neglected and electron exchange only is taken into account. We show the final spin system
to be completely characterized by a single spin correlation parameter depending on scattering angle and
energy. Its numerical value identifies the final spins of the collision partners to be either in the separable,
entangled, or Bell correlated regions. We emphasize explicit examples for the mixed spin system in order to
illustrate the abstract concepts. The analysis of published experimental and numerical data reveals the
possibility to create tunable pairs of collision partners with any desired degree of spin entanglement.

DOI: 10.1103/PhysRevLett.116.033201

Quantum entanglement is one of the most intriguing
phenomena in nature. It plays a crucial role in quantum
information and quantum computation and its determina-
tion in combined quantum systems is a basic task. Most
investigations so far utilized pairs of polarized photons,
giving key insights into fundamental quantum mechanics
[1,2]. More recently, entanglement properties between
electronic spins in photon-induced ionization have been
reported [3], while dissipative studies of the entanglement
dynamics give even rise to sudden death of entanglement
[4]. On the other hand, spin-dependent collisions between
electrons and atoms have been studied for many years with
increasing precision and efficiency, aiming to obtain
information on the scattering dynamics [5,6]. We suggest
supplementing these investigations by exploring entangle-
ment properties of the collision partners after the interation
and study the interrelation between scattering dynamics
and the creation of nonlocal correlations.
It is useful to start with a simple collision system that

allows for a most direct and transparent discussion of the
basic concepts. We therefore analyze collisions between
initially unpolarized electrons and unpolarized hydrogen-
like atoms having electronic spin-1=2. It is assumed that all
explicit spin-dependent forces can be neglected and only
electron exchange is taken into account. We investigate
under which conditions nonlocal spin correlations between
the scattering partners can be generated during the colli-
sion, starting from a maximally chaotic initial spin state. It
turns out that the spin-spin correlations of the final system
are completely characterized by a single dynamical param-
eter, while its numerical value determines whether the final
spin system is separable, entangled, or even Bell correlated;
i.e. it violates any of the Bell inequalities [7,8]. This allows
for the construction of explicit expressions of the final state
density matrix for the various outcomes, which is one of the
main aims of this research. Such studies unveil new
fundamental aspects of collisions, e.g., the completely

different nature of spin correlations for separable and
entangled states. Furthermore, our analysis of published
experimental and numerical data exhibits that Coulomb
plus exchange forces are even capable of generating Bell
correlated pairs out of an initially completely uncorrelated
system. This should allow creation of tunable pairs of
collision partners with any desired degree of spin
entanglement.
We describe the initial unpolarized state by the density

matrix ρin being an incoherent superposition of the equally
distributed spins of the first (electrons) and second particle
(atoms), respectively. The density matrix, characterizing
the final state after the scattering is given by ρ ¼ TρinTþ,
where T is the transition operator. Assuming scattering
angle and energy as fixed, and denoting the final state spin
components of the two particles byM andm, we obtain the
4 × 4 spin density matrix hM0m0jρjMmi in the explicit form

ρ¼ 1

8σ

0
BBBBB@

2jfð1Þj2 0 0 0

0 jfð1Þj2þjfð0Þj2 jfð1Þj2− jfð0Þj2 0

0 jfð1Þj2− jfð0Þj2 jfð1Þj2þjfð0Þj2 0

0 0 0 2jfð1Þj2

1
CCCCCA
;

ð1Þ

where fðSÞ denote the triplet (S ¼ 1) and singlet (S ¼ 0)
scattering amplitudes, respectively. Here, ρ is normalized
by the differential cross section σ ¼ 1

4
ð3jfð1Þj2 þ jfð0Þj2Þ,

and trρ ¼ 1. The spin density matrix Eq. (1) can be
completely characterized in terms of the two individually
measured polarization vectors Pð1Þ and Pð2Þ, referring to
particles 1 and 2 [9], and the nine direct product compo-
nents Pð1Þ

i × Pð2Þ
j of the spin-spin correlation tensor

ði; j ¼ x; y; zÞ, defined by the expression [10]

Pð1Þ
i × Pð2Þ

j ¼ trρðσi × σjÞ: ð2Þ
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Tunable entanglement resource in elastic electron-exchange collisions out of chaotic spin systems
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Elastic collisions between initially unpolarized electrons and hydrogenlike atoms are discussed aiming to
analyze the entanglement properties of the correlated final spin system. Explicit spin-dependent interactions are
neglected and electron exchange only is taken into account. We show the final spin system to be completely
characterized by a single spin correlation parameter depending on scattering angle and energy. Its numerical value
identifies the final spins of the collision partners to be either in the separable, entangled, or Bell correlated regions.
The symmetry of the scattering process allows for the construction of explicit examples applying methods of
classical communication and local operations for illustrating the concepts of nonlocality versus separability. It is
shown that strong correlations can be produced violating Bell’s inequalities significantly. Furthermore, the degree
of entanglement can be continuously varied simply by changing either the scattering angle and/or energy. This
allows for the generation of tunable spin pairs with any desired degree of entanglement. It is suggested to use
such nonlocally entangled spin pairs as a resource for further experiments, for example in quantum information
processes.

DOI: 10.1103/PhysRevA.94.032331

I. INTRODUCTION

Quantum entanglement and nonlocality are continuously at
the center of intense research activities [1–3]. This involves
the foundations of quantum theory with regard to the Einstein-
Podolsky-Rosen criticism [4] as well as Bell’s theorem [5],
both intended trying to preserve the Newtonian local realistic
picture. Over the decades, violation of Bell’s inequalities [5,6]
have been observed experimentally in a variety of physical
systems, e.g., see [7]. Only recently, considerable progress has
been achieved, almost simultaneously, by Hensen et al. [8],
Giustina et al. [9], and Shalm et al. [10] who have been
able to reject the hypothesis of local realism with remarkable
statistical significance, removing essentially the last serious
doubts on the existence of nonlocal interactions in nature.

A second line of research started with the advent of quantum
information theory, recognizing entanglement, established by
Schrödinger [11] as Verschränkung, as a resource for tasks like
quantum cryptography [12,13], quantum teleportation [14], or
quantum computation [15,16]. This led to a rapidly growing
interest in entanglement theory and quantum nonlocality, both
dealing with different aspects of one of the most intriguing
peculiarities of nature, and many experiments today aim at the
generation of entanglement; e.g., see [1–3].

Most research so far utilized variations of entangled photons
in the experimental setups in order to reject local realism. One
aim of the present paper is to supplement these results by
following different and new paths, opened up in our previous
research [17], by studying the spin-spin correlations created
in elastic electron-atom collisions. It will be shown that strong
correlations can be obtained, violating Bell’s inequalities even
maximally in some cases. This is direct proof of the inherent
nonlocality of the spin-spin system under discussion and is
in support of the results given in [8–10]. Our second aim
is to show that these nonlocally entangled spin pairs of the

*lohmanb@uni-muenster.de

collision partners might be used as a resource in sophisticated
experiments relying on a high degree of entanglement, for
example in quantum computation. As an interesting feature,
the degree of entanglement can be continuously tuned in such
experiments, simply by changing the relevant scattering angle
or energy.

Spin-dependent collisions between electrons and atoms
have been studied for many years with increasing precision
and efficiency, aiming to obtain information on the scattering
dynamics [18,19]. More recently, entanglement properties in
photon-induced ionization have been reported [20]. In the
present paper we will analyze collisions between initially
unpolarized electrons and unpolarized hydrogenlike atoms
(H, Li, Na), both having electronic spin-1/2, and study the
interrelation between scattering dynamics and the creation of
nonlocal correlations, starting from a maximally chaotic initial
spin state. We assume all explicit spin-dependent forces to be
neglected and electron exchange to be taken into account, only.
It will be demonstrated that the final state spin density matrix is
completely expressed in terms of a single dynamical parameter
characterizing the spin-spin correlations, while its numerical
value determines whether the final spin system remains
separable, or becomes entangled, or even Bell correlated, i.e.,
it violates any of the Bell inequalities [5,6]. Such studies
unveil, as fundamental aspects, the completely different nature
of spin correlations for separable and entangled states. As
a consequence, the presence of entangled spin pairs in the
final beams can be verified experimentally on the basis of
one local measurement. By adapting existing experimental
and numerical results we will obtain data for the correlation
parameter and are then able to analyze the entanglement
properties of the final collision system.

The present paper is organized as follows. A general
expression for the spin density matrix of the final scattering
system will be derived in Sec. II, while in Sec. III it will be
shown that, as a main result, the final spin system is completely
characterized in terms of a single spin correlation parameter,
which yields, so to speak, the link between collision dynamics

2469-9926/2016/94(3)/032331(12) 032331-1 ©2016 American Physical Society
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FIG. 1: Differential cross section (top) and spin correlation parame-
ter P (bottom) for elastic electron scattering from Li atoms as a func-
tion of energy at scattering angles of 65◦, 90◦, and 107.5◦. The lines
at −1/3 and −1/

√
2 in the panel for P mark the borders between

separable and entangled as well as entangled and Bell-correlated re-
gions, respectively. The experimental data for P = −Aex are taken
from Baum et al. [3].

spin channel assumes a local maximum around 110◦, while
the DCS for triplet scattering assumes a deep minimum. This
explains why Baum et al. [3] were able to carry out measure-
ments with small error bars in this angular regime.

As mentioned above, we are now in a position to provide a
comprehensive overview of the results that might be expected
for the electron−lithium collision system. This is done in
Fig. 3 for the spin correlation parameter and Fig. 4 for the

DCS. In the latter, we limit the maximum DCS value in the
plots to 10 a20/sr in order to improve the visibility. There is vir-
tually no chance to find P -values in the Bell-correlated regime
when the DCS is too large.
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FIG. 2: Differential cross section as well as the individual contribu-
tions from the singlet and triplet total spin channels for elastic elec-
tron scattering from Li atoms at a collision energy of 3 eV. The insert
shows the parameter P in the region 70◦ − 130◦. The lines at −1/3
and −1/

√
2 mark the borders between separable and entangled as

well as entangled and Bell-correlated regions, respectively.

To summarize: We have carried out calculations for elastic
electron scattering from lithium atoms in a simple, but suffi-
cient model to accurately predict the spin correlation parame-
ter and the angle-differential cross section. The most promis-
ing regime for Bell-correlations in this particular collision sys-
tem are energies between about 1.5 eV and 3.0 eV, in an an-
gular range around 110◦ ± 10◦. While the cross sections are
relatively small, the signal rate seems to be sufficient for a
successful experimental implementation of the scheme. For
higher energies than 3 eV, the results would first be affected by
resonances. Subsequently, as for all scattering angles outside
of the above range, triplet scattering is the dominant channel
everywhere and hence P -values in the Bell-correlated regime
will not be achievable. In the future, we plan to carry out sim-
ilar calculations for atomic hydrogen and other alkali targets.
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Conclusions and Outlook

• Despite the field’s maturity, significant innovations are constantly being made to

study electron collisions with atoms and molecules – and they are needed!

• There exist many fruitful collaborations between experimentalists, theorists, and

users outside of AMO who need (and use) these data.

• Experimental benchmark data remain very important to test and push theory!

• With such benchmark data and comparisons between predictions from highly

sophisticated methods in hand, we can finally estimate uncertainties of these

predictions.

• Although we usually need supercomputers to get a reliable answer, there is room

for interpretation of the physics. → Propensity in equal-energy sharing (e,2e).

• Knowledge about electron collisions also helps to understand photon-induced

processes, in weak-field, strong-field, steady-state, and time-dependent cases.

• And maybe the field is just about to be (re)discovered in quantum information ...

Thank You for Your Attention!




