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The (Time-Independent) Close-Coupling Expansion

• Standard method of treating low-energy scattering

• Based upon an expansion of the total wavefunction as

ΨLSπ
E (r1, . . . , rN+1) = A

∑

i

∫

ΦLSπ
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1

r
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• Target states Φi diagonalize the N -electron target Hamiltonian according to

〈Φi′ | HN
T | Φi〉 = Ei δi′i

• The unknown radial wavefunctions FE,i are determined from the solution of a system of coupled integro-

differential equations given by
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with the direct coupling potentials

Vij(r) = −
Z

r
δij +

N
∑

k=1

〈Φi |
1

|rk − r|
| Φj〉

and the exchange terms
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Close-coupling can yield complete data sets, and the results are internally consistent (unitary theory that conserves total flux)!
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Time-Independent Close-Coupling 



The R-Matrix Method: 
Numerical Technique to solve the Close-Coupling Equations

Distinctive feature:

Allows for non-orthogonal orbital sets to represent both bound and
continuum radial functions

• Basic Idea: indirect calculations – inner ( r < a) and outer regions ( r > a).

• Complete set of inner-region solutions is found from diagonalization of total
Hamiltonian modified with the Bloch operator

• Scattering parameters can obtained from matching with solutions in the external
region  − allows cross sections at many energy points to be obtained cheaply

• Computer Codes:

• RMATRX-I: Berrington et al (1995)
• PRMAT: parallelized version of RMATRX-I
• Badnell's R-matrix complex: http: //amdpp.phys.strath.ac.uk/, 
with possibility for radiative damping

• DARC – relativistic version, http://web.am.qub.ac.uk/DARC/
• Enormous number of calculations

Principal ingredient:  a single set of orthogonal one-electron orbitals 

• < Pnℓ | Pn'ℓ > = 0  → difficulties to achieve accurate target representation     
for different states

• < Pnℓ | ukℓ > = 0  → large (N+1)-electron expansions needed for completeness  
(may lead to appearance of pseudo-resonances)
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Theory: Atomic R-Matrix Method 

Ψk = A Σi,j  ai,j,kφi
Nηi,j + Σibj,kφj

N+1 

ΗΨk =ΕΨk 

klaus
Text Box
[Original slide from Brendan McLaughlin with some modifications by K.B.]
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The R-Matrix Method is a way to solve the CC equations accurately and efficiently for many energies, originally concentrating on low energies and resonances.



Phil	Burke	(18.10.1932	– 3.6.2019)

Phil	taught	me	about	computers	and	
especially	the	R-matrix	method.		When	
I	came	to	Belfast	as	a	PhD	student	in	
1982,	Stan	Scott	told	me	at	the	first	
coffee	break:	
“There	is	nothing	to	worry	about	in	
Belfast,	because	….
Phil	knows	EVERYTHING!”		
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Inclusion of Target Continuum (Ionization)

• imaginary absorption potential (OMP)

• final continuum state in DWBA

• directly on the grid and projection to continuum states (TDCC, ECS)

• add square-integrable pseudo-states to the CC expansion (CCC, RMPS, ...)

Inclusion of Relativistic Effects

• Re-coupling of non-relativistic results (problematic near threshold)

• Perturbative (Breit-Pauli) approach; matrix elements calculated between non-

relativistic wavefunctions

• Dirac-based approach
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R-Matrix with Pseudo-States (RMPS) 

Ψk = A Σi,j  ai,j,kφi
Nηi,j + Σibj,kφj

N+1 
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RMPS uses the same ideas as CCC (—> Igor Bray) to extend the applicability of close-coupling to "intermediate" energies, where coupling to the continuum can be very important.  As a by-product, ionization processes can also be handled. 
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K. Bartschat, E.T. Hudson, M.P. Sott, P.G. Burke, and V.M. Burke, J. Phys. B 29 (1996) 115
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Cross Section for Electron-Impact Excitation of He(1s2)

K. Bartschat, J. Phys. B 31 (1998) L469
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In 1998, deHeer recommends (CCC+RMPS)/2 for uncertainty of 10% or better !

(independent of experiment)
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Total Cross Sections for Electron-Impact Excitation of Helium 
  K. Bartschat, J. Phys. B 31 (1998) L469
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Already in 1998, de Heer recommends 0.5 x (CCC+RMPS) for uncertainty of 10% — independent of experiment!



Metastable Excitation Function in Kr
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Oops — maybe we need
to try a bit harder?



General B-Spline R-Matrix (Close-Coupling) Programs (D)BSR
• Key Ideas:

• Use B-splines as universal

basis set to represent the

continuum orbitals

• Allow non-orthogonal or-

bital sets for bound and

continuum radial functions

• Consequences:

• Much improved target description possible with small CI expansions

• Consistent description of the N-electron target and (N+1)-electron collision

problems

• No “Buttle correction” since B-spline basis is effectively complete

• Complications:

• Setting up the Hamiltonian matrix can be very complicated and lengthy

• Generalized eigenvalue problem needs to be solved

• Matrix size typically 10,000 and higher due to size of B-spline basis

• Rescue: Excellent numerical properties of B-splines; use of (SCA)LAPACK et al.
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not just the numerical basis!
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We have a great program now :):):)
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100,000 or more
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 record: 400,000
to do 50-100 times;
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 We also have to solve the problem outside the box for each energy (from 100's to 100,000's).
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 O. Zatsarinny, CPC 174 (2006) 273



The B-Spline R-Matrix (BSR) Method
[O. Zatsarinny, Comp. Phys. Commun. 174, 273 (2006)]

•  The method is based on the non-perturbative close-coupling expansion.
•  The close-coupling equations are solved using the R-matrix method.

•  Atomic-structure calculations  −   frozen-core approximation

Distinctive feature:
Allows for non-orthogonal orbital sets to represent both bound and
continuum radial functions

• independent generation of target states – much more accurate target 
representation  (term-dependence, relaxation effects, correlation) 

• no artificial  orthogonality constraints for continuum orbitals –
more consistent treatment of N-electron target and (N+1)-electron 
collision system   −>  no pseudo−resonances 

• more recently extented to include large number of pseudo-states to 
handle ionization processes (BSRMPS) as well as a full-relativistic 
framework (DBSR).
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[I wouldn't say it quite as strongly.]



                                     List of calculations with the BSR code (rapidly growing)

hv + Li Zatsarinny O and Froese Fischer C  J. Phys. B  33 313 (2000)
hv + He- Zatsarinny O, Gorczyca T W and Froese Fischer C J. Phys. B. 35 4161 (2002)
hv + C- Gibson N D et al. Phys. Rev. A 67, 030703 (2003)
hv + B- Zatsarinny O and Gorczyca T W  Abstracts of XXII  ICPEAC (2003)
hv + O- Zatsarinny O and Bartschat K Phys. Rev. A 73 022714 (2006)
hv + Ca- Zatsarinny O et al. Phys. Rev. A 74 052708 (2006)
e + He Stepanovic et al. J. Phys. B  39 1547 (2006)

Lange M et al. J. Phys. B  39 4179 (2006)
e + C Zatsarinny O, Bartschat K, Bandurina L and Gedeon V  Phys. Rev. A 71 042702 (2005)
e + O Zatsarinny O and Tayal S S  J. Phys. B  34 1299 (2001)

Zatsarinny O and Tayal S S  J. Phys. B  35 241 (2002)
Zatsarinny O and Tayal S S  As. J. S. S. 148 575 (2003)

e + Ne Zatsarinny O and Bartschat K  J. Phys. B  37  2173 (2004)
Bömmels J et al. Phys. Rev. A 71, 012704  (2005)
Allan M et al. J. Phys. B  39  L139 (2006)

e + Mg Bartschat K, Zatsarinny O, Bray I, Fursa D V and Stelbovics A T J. Phys. B 37  2617 (2004)
e + S Zatsarinny O and Tayal S S  J. Phys. B  34 3383 (2001)

Zatsarinny O and Tayal S S  J. Phys. B  35 2493 (2002)
e + Ar Zatsarinny O and Bartschat K  J. Phys. B  37 4693 (2004)
e + K (inner-shell) Borovik A A et al. Phys. Rev. A, 73 062701 (2006)
e + Zn Zatsarinny O and Bartschat K Phys. Rev. A 71 022716 (2005)
e + Fe+ Zatsarinny O and Bartschat K Phys. Rev. A 72 020702(R) (2005)
e + Kr Zatsarinny O and Bartschat K J. Phys. B  40 F43 (2007)
e + Xe Allan M, Zatsarinny O and Bartschat K Phys. Rev. A 030701(R) (2006)
Rydberg series in C Zatsarinny O and Froese Fischer C  J. Phys. B  35 4669 (2002)
osc. strengths in Ar Zatsarinny O and Bartschat K  J. Phys. B: At. Mol. Opt. Phys. 39 2145 (2006)
osc. strengths in S Zatsarinny O and Bartschat K  J. Phys. B: At. Mol. Opt. Phys. 39 2861  (2006)
osc. strengths in Xe Dasgupta A et al. Phys. Rev. A 74 012509 (2006)
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List of early calculations with the BSR code (rapidly growing)
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at least 100 more
 since 2006
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Topical Review:
 J. Phys. B 46 (2013)  112001



BSR – general B-spline R-matrix package  
 

1. First implementation:     Li photoionization (2000) 
2. First presentation:        ICPEAC XXX, Rosario, Argentina (2005) 
3. First version published:   Comp. Phys. Comm. (2006) 
4. Fully−relativistic version: e−Cs scattering (2008) 
5. RMPS extension, MPI     intermediate energies;  
   parallelization; ionization: (e,2e) on He,Ne,Ar (2011−present)   
6. Topical review:             J.Phys.B 46, 112001 (2013) 
7. Sustainability Effort: CSSI project (funded since March 2019)  

 
1a 2a 3b  4b 5b 6b 7b VIII 1b 2b 3a 4a 5a 6a 7a 0 
1H  2He 
3Li 4Be 

 
5B 6C 7N 8O 9F 10Ne 

11Na 12Mg 13Al 14Si 15P 16S 17Cl 18Ar 
19K 20Ca 21Sc 

 
22Ti 23V 24Cr 25Mn 26Fe 27Co 28Ni 29Cu 30Zn 31Ga 32Ge 33As 34Se 35Br 36Kr 

37Rb 38Sr 39Y 40Zr 41Nb 42Mo 43Tc 44Ru 45Rh 46Pd 47Ag 48Cd 49In 50Sn 51Sb 52Te 53I 54Xe 
55Cs 56Ba 57La * 72Hf 73Ta 74W 75Re 76Os 77Ir 78Pt 79Au 80Hg 81Tl 82Pb 83Bi 84Po 85At 86Rn 
87Fr 88Ra 89Ac + 104Rf 105Df 106Sg 107Bh 108Hs 109Mt 110Uun 111Uuu 112Uub  114Uuq  

   * Lanthanides 58Ce 59Pr 60Nd 61Pm 62Sm 63Eu 64Gd 65Tb 66Dy 67Ho 68Er 69Tm 70Yb 71Lu 
 

   + Actinides 90Th 91Pa 92U 93Np 94Pu 95Am 96Cm 97Bk 98Cf 99Es 100Fm 101Md 102No 103Lr 
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Key point: The BSR package is general; the current version can, in principle, be applied to any atomic/ionic target.
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+ Comet at San Diego
Supercomputer Center
+Bridges at Pittsburgh
Supercomputer Center
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now R.I.P.
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Description of target states 

(GRASP, DBSR_CI, DBSR_HF, DBSR_MCHF) 

target1.c,  target1.bsw 

target2.c,  target2.bsw 

………………………. 

knot.dat dbsr_par target_jj 

DBSR_PREP 

DBSR_CONF 

DBSR_BREIT 

DBSR_MAT 

DBSR_HD 

DBSR_MULT 

DBSR_DMAT 

h.nnn,   dbound.nnn   

int_bnk_jj.nnn 

cfg.001 

cfg.002 

……. 

cfg.nnn 

 

target.bsw 

dbsr_mat.nnn 

H.DAT 

PSTGF, REL_PSTGF  

d.nnn 

DBSR_PHOT  

zf_res 

rsol.nnn 

mult_bnk_jj.nnn 

Energies 

Oscillator Strengths 

Excitation, Ionization and 

Photoionization Cross Sections 

MPI 

DBSR_ION  

DBSR_POL 

DBSR  

Description of target states 

(HF, MCHF, BSR_CI, BSR_HF, BSR_MCHF) 

target1.c,  target1.bsw 

target2.c,  target2.bsw 

………………………. 

knot.dat bsr_par target 

BSR_PREP 

BSR_CONF 

BSR_BREIT 

BSR_MAT 

BSR_HD 

BSR_MULT 

BSR_DMAT 

h.nnn,    bound.nnn   

int_bnk.nnn 

cfg.001 

cfg.002 

……. 

cfg.nnn 

 

target.bsw 

bsr_mat.nnn 

H.DAT 

PFARM, PSTGF 

d.nnn 

BSR_PHOT 

zf_res 

rsol.nnn 

mult_bnk.nnn 

Energies 

Oscillator Strengths 

Excitation, Ionization and 

Photoionization Cross Sections 

MPI 

BSR_ION 

BSR_POL 

BSR 
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about 30,000 – 50,000 lines of code; plus (SCA)LAPACK for diagonalization 
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We will focus on the 
semi-relativistic version, but I'll show some DBSR results as well. 
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Kathryn Hamilton will present more details tomorrow.



Introduction

• Using our semi-relativistic B-spline R-matrix (BSR) method [Zatsarinny and
Bartschat, J. Phys. B 37, 2173 (2004)], we achieved unprecendented agreement
with experiment for angle-integrated cross sections in e−Ne collisions.
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Metastable yield in e-Ne collisions
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Resonances in the excitation of the Ne (2p53p) states
Allan, Franz, Hotop, Zatsarinny, Bartschat (2009), J. Phys. B 42, 044009
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it's looking 
good :):):)
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expt.
BSR31



Metastable Excitation Function in Kr
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What a difference :):):)
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JPB 43 (2010) 074031 
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Collisions at "intermediate energies":
Coupling to the continuum can be very, very important.
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BIG SURPRISE (discovered through a GEC collaboration): 
This is not what I learned in "Introduction to Atomic Collision Theory".
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optically allowed 2p –> 3d 
transition should be easy
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very strong model
dependence of the results 
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Ballance & Griffin
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Convergence and sensitivity studies provide a systematic way to assign some uncertainty to theoretical predictions,
which is becoming an increasingly "hot" topic.
(PRA editorial 2011, IAEA/ITAMP workshop 2014, ...)
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Since then, we have shown that this is a general
problem in electron collisions with outer p-shell
targets (e.g., C, N, F, Cl, Ar). 




The “Straightforward” Close-Coupling Formulation

• Recall: We are interested in the ionization process

e0(k0, µ0) + A(L0, M0; S0, MS0
) → e1(k1, µ1) + e2(k2, µ2) + A+(Lf , Mf ; Sf , MSf

)

• We need the ionization amplitude

f(L0, M0, S0; k0 → Lf , Mf , Sf ; k1, k2)

• We employ the B-spline R-matrix method of Zatsarinny (CPC 174 (2006) 273)

with a large number of pseudo-states:

• These pseudo-states simulate the effect of the continuum.

• The scattering amplitudes for excitation of these pseudo-states are used to

form the ionization amplitude:

f(L0, M0, S0; k0 → Lf , Mf , Sf ; k1, k2) =
∑

p

〈Ψk2

−

f |Φ(LpSp)〉 f(L0, M0, S0; k0 → Lp, Mp, Sp; k1p).

• Both the true continuum state |Ψk2

−

f 〉 (with the appropriate multi-channel

asymptotic boundary condition) and the pseudo-states |Φ(LpSp)〉 are consistently

calculated with the same close-coupling expansion.

• In contrast to single-channel problems, where the T -matrix elements can be

interpolated, direct projection is essential to extract the information in multi-

channel problems.

• For total ionization, we still add up all the excitation cross sections for the

pseudo-states.
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This is the essential idea – just do it!
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This direct projection is the essential idea – we'll see if it works.
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Ionization in the Close-Coupling Formalism



Total and Single-Differential Cross Section
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• Including correlation in the ground state reduces the theoretical result.

• Interpolation yields smoother result, but direct projection is acceptable.

• DIRECT PROJECTION is NECESSARY for MULTI-CHANNEL cases!
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definitely looks o.k.
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So far, so good ...  Let's go for more detail!
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Some Checks: Ionization without Excitation (compare to CCC and TDCC)
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That's a lot of states!

klaus
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Total cross section = sum of  excitation cross sections to positive-energy pseudo-states.



Triple-Differential Cross Section for Direct Ionization

experiment: Ren et al. (2011)
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The	
  latest:	
  (e,2e)	
  on	
  Ar	
  (3p6)	
  
E0	
  =	
  66	
  eV;	
  E1	
  =	
  47	
  eV;	
  E2	
  =	
  3	
  eV;	
  θ1	
  =	
  15

o	
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(e,2e) on Ar is a very  l .. o .... n .......... g story.  It includes the discovery of an error in the processing of the raw experimental data, which was found by the confidence gained in BSR predictions ...
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No More Spectators:  
Ionization with Excitation of Helium 

 
All Three Electrons Change Their Quantum State 

 
(Movie by Allison Harris, Illinois State University) 

 
  



Triple-Differential Cross Section Ratio

experiment: Bellm, Lower, Weigold; measured directly
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DWB+RM hybrid method not appropriate for symmetric kinematics at all!
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Electron collisionswith atoms, ions,molecules, and
surfaces: Fundamental science empowering
advances in technology
Klaus Bartschata,1 and Mark J. Kushnerb
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Electron collisions with atoms, ions, molecules, and surfaces are critically important to the understanding
and modeling of low-temperature plasmas (LTPs), and so in the development of technologies based on
LTPs. Recent progress in obtaining experimental benchmark data and the development of highly
sophisticated computational methods is highlighted. With the cesium-based diode-pumped alkali laser
and remote plasma etching of Si3N4 as examples, we demonstrate how accurate and comprehensive
datasets for electron collisions enable complex modeling of plasma-using technologies that empower
our high-technology–based society.

electron scattering | close coupling | ab initio | plasmas | kinetic modeling

Electron collisions with atoms, ions, molecules, and
surfaces are critically important to the understanding
and the modeling of laboratory plasmas, astrophysical
processes, lasers, and planetary atmospheres, to name
just a few examples. In addition to the investigation of
naturally occurring phenomena, electron collisions form
the basis of a vast array of plasma-using technologies,
which continue to empower our high-technology–based
society (1). Atomic, molecular, and optical (AMO)
physics, the field that encompasses electron–atom
and electron–molecule collisions, has made tremen-
dous contributions to our fundamental understand-
ing of nature. Despite the field’s longevity, breakthrough
developments in atomic collisions continue to be
made at the fundamental level of both experiment
and theory.

The Need for Atomic and Molecular Data
In low-temperature plasmas (LTPs), electron and ion
collisions with otherwise unreactive gas and surfaces
activate those atoms and molecules through forming
excited states, ions, and radicals. Those activated species
are then used in applications ranging from microelec-
tronics fabrication (2) to human healthcare (3). The most
basic, necessary, and first step in the development of
those technologies is the electron or ion impact with
the initially unreactive species to produce the activated

species. As a result, fundamental AMO physics is closely
and beneficially connected to technology development.

Examples of experimental progress in advancing
the knowledge base for LTPs include, but are certainly
not limited to, the “magnetic angle changer” (MAC)
(4) and the so-called “reaction microscope” (RM) (5).
TheMACmakes it possible to carry out measurements
of electron impact cross sections in angular regimes
that were previously inaccessible because of geo-
metric limitations due to the position of the electron
gun. Furthermore, taking advantage of dramatic im-
provements in detector technology and fast elec-
tronics, the RM has enabled unparalleled detailed
studies of electron–atom and electron–molecule col-
lision processes over a wide range of parameters
(energies, angles), and so provided an extensive da-
tabase to test theory.

At the same time, theoretical and particularly
computational advances have made the calculation of
data for atomic/molecular structure as well as electron
collision processes both reliable and cost-effective,
and hence enabled their use in models for technology
development. Although the basic equations that de-
scribe these quantum-mechanical many-body phe-
nomena are believed to be known with a high degree
of confidence, their necessarily approximate solu-
tion—with an accuracy that allows for reliable quantitative
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Atomic & Molecular Structure and Collision Data for Applications
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Plasma Physics and Electron Collisions Save the World!



(slide adapted from a presentation by  
M. J. Kushner, University of Michigan, 

Institute for Plasma Science & Engineering.) 

DIODE-­‐PUMPED	
  ALKALI	
  LASERS	
  (DPALs)	
  

•  DPAL is a class of optically pumped lasers that leverage 
inexpensive semiconductor diode lasers to pump alkali vapor. 

•  Poor optical quality, wide bandwidth of diode laser (DL) is converted 
into high optical quality, narrow bandwidth from alkali laser. 

•  DL pumps the D2(2S1/2 → 2P3/2)  

•  Collisional quenching: 2P3/2 → 2P1/2 

•  Lasing on D1(2P1/2 → 2S1/2) 

•  Requires inversion of ground state.  

•  Collisional quenching agent N2 

klaus
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Motivation: The Need for Electron Collision Data 
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(slide	
  adapted	
  from	
  a	
  presenta@on	
  by	
  	
  
M.	
  J.	
  Kushner,	
  University	
  of	
  Michigan,	
  

Ins@tute	
  for	
  Plasma	
  Science	
  &	
  Engineering.)	
  

REMOTE	
  PLASMA	
  SOURCES	
  

•  Remote plasma sources (RPS) for microelectronics fabrication 
•  Separate plasma production, transport and processing regions. 

[1] Kastenmeier et al., JVSTA  16, 2047 (1998). 

•  Schematic of RPS.[1] 

•  Produce dominantly 
neutral fluxes of radicals 
for etching, cleaning, 
surface passivation. 

•  Decrease damage by 
charging and energetic 
ion bombardment. 

•  Example:  NF3/O2 RPS 
for Si3N4  etching. 

GEC2015_FBE 
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Production and Assessment of Atomic Data

• Data for electron collisions with atoms and ions are needed for modeling processes in

• laboratory plasmas, such as discharges in lighting and lasers

• astrophysical plasmas

• planetary atmospheres

• The data are obtained through

• experiments

• valuable but expensive ($$$) benchmarks (often differential in energy, angle, spin, ...)

• often problematic when absolute (cross section) normalization is required

• calculations (Opacity Project, Iron Project, ...)

• relatively cheap

• almost any transition of interest is possible

• often restricted to particular energy ranges:

• high (→ Born-type methods)

• low (→ close-coupling-type methods)

• cross sections may peak at “intermediate energies” (→ ???)

• good (or bad?) guesses

• Sometimes the results are (obviously) wrong or (more often) inconsistent !

Basic Question: WHO IS RIGHT? (And WHY???)
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For complete data sets, theory is often the "only game in town"! 
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1.  Introduction

There is growing acceptance that benchmark atomic and 
molecular (A+M) calculations should follow accepted exper­
imental practice and include an uncertainty estimate alongside 
any numerical values presented [1]. Increasingly, A+M com­
putations are also being used as the primary source of data for 
input into modeling codes. It is our assertion that these data 
should, if at all possible, be accompanied by estimated uncer­
tainties. However, it is not at all straightforward to assess the 
uncertainties associated with A+M computations. The aim of 
this work is to provide guidelines for A+M theorists to acquire 
uncertainty estimates as a routine part of their work. We con­
centrate on data that are most important for high-temperature 
plasma modeling: data for A+M structure, electron-atom (or 

ion) collisions, electron collisions with small molecules, and 
charge transfer in ion-atom collisions.

Uncertainty quantification (UQ) is a very active research 
area in connection with simulations of complex systems aris­
ing in weather and climate modeling, simulations of nuclear 
reactors, radiation hydrodynamics, materials science, and 
many other applications in science and engineering. A report 
from the USA National Research Council [2] provides a valu­
able survey. The current state of the field is reflected in the 
biennial meeting of the SIAM Activity Group on uncertainty 
quantification [3]. This field of UQ for complex systems has a 
mathematical core in the description of uncertainty propaga­
tion for chaotic deterministic and stochastic evolution equa­
tions  in many dimensions (‘polynomial chaos’). In many 
cases the interest is then focused on systems for which the 

Uncertainty estimates for theoretical atomic 
and molecular data
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See also:
The Editors 2011 Phys. Rev. A 83 040001 
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How good are the data?
[This question is not just for theory!]
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Where do the results go?
One (of many) databases:  LXCat
https://fr.lxcat.net/home/
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open-access website for collecting, displaying, and downloading electron and ion scattering cross sections, swarm parameters (mobility, diffusion coefficients, etc.), reaction rates, energy distribution functions, etc. and other data required for modeling low temperature plasmas. 
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Electron Collision Data for Applications:
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There is undoubtedly interest in these data.



Structure Calculations with the BSR Code

klaus
Text Box
Do you know what your great collision code scatters from?



 

Conclusions 
 

• The non-orthogonal orbital technique allows us account for term-dependence and 

relaxation effects practically to full extent. At the same time, this reduce the size of 

the configuration expansions, because we use specific non-orthogonal sets of 

correlation orbitals for different kinds of correlation effects.   
 

• B-spline multi-channel models allow us to treat entire Rydberg series and can be 

used for accurate calculations of oscillator strengths for states with intermediate 

and high n-values. For such states, it is difficult to apply standard CI or MCHF 

methods.  
 

• The accuracy obtained for the low-lying states is close to that reached in large-scale 

MCHF calculations.  
 

• Good agreement with experiment was obtained for the transitions from the ground 

states and also for transitions between excited states.    
 

• Calculations performed in this work:  s-, p-, d-, and f-levels up to n = 12. 
 

Ne – 299 states  –  11300 transitions 

Ar – 359 states  –  19000 transitions 

Kr – 212 states  –   6450 transitions 

Xe – 125 states  –   2550 transitions 
 

• All calculations are fully ab initio. 
 

• The computer code BSR used in the present calculations and the results for Ar 

were recently published: 
 

BSR:   O. Zatsarinny, Comp. Phys. Commun. 174 (2006) 273 

Ar:  O. Zatsarinny and K. Bartschat, J. Phys. B 39 (2006) 2145 
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Summary of structure work
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A "simple"(?) collision problem.   e-Be+:  coupling to continuum most important for 
i) optically forbidden transitions and/or ii) small cross sections
good agreement between CCC, RMPS, TDCC — no  experiment !
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Phys. Rev. A 68 (2003) 062705
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This is a light quasi-one electron system. Essentially solved 15 years ago.
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Another simple one.   e-Be:  coupling to continuum most important for 
i) optically forbidden transitions and/or ii) small cross sections
good agreement between CCC, RMPS, TDCC — no  experiment !
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This is a light quasi-two electron system. Essentially solved 15 years ago.

klaus
Text Box
Phys. Rev. A 68 (2003) 032712
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Analytic fits to the recommended electron-impact excitation and ionization cross sections for Be I are
presented. The lowest 19 terms of configurations 2snl (n≤ 4) and 2p2 terms below the first ionization limit
are considered. The fits are based on the accurate calculations with the convergent close coupling (CCC)
method aswell as the B-spline R-matrix (BSR) approach. The fitted cross sections provide rate coefficients
that are believed to approximate the original data within 10% with very few exceptions. The oscillator
strengths for the dipole-allowed transitions between all the considered states are calculated with the
relativistic multi-configuration Dirac–Hartree–Fock (MCDHF) approach and compared with the CCC and
BSR results. This comparison shows a very good agreement except for a handful of cases with likely strong
cancellations.

© 2018 Elsevier Inc. All rights reserved.
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One can now safely recommend extensive datasets for this system. 
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Fig. 3. Electron-impact excitation cross sections for the dipole-allowed (21S→ 21P)
and dipole-forbidden (33P → 43P) transitions. Dashed lines with squares, dotted
lineswith triangles and solid lines represent BSR, CCC and fitted results respectively.

Fig. 4. Electron-impact excitation cross sections for the spin-forbidden (43D→ 41F)
transition.

given in Table 5. This cross section can be extrapolated linearly for
the lower electron energies down to 0 at the threshold energy.

The standard way to determine the accuracy of the fitted cross
sections is through their root mean square (rms) value. However,
this method is somewhat misleading in our case due to the pres-
ence of resonances in the cross sections. We found that the fitted
cross sections are accurate within a few percent except for the
values in the resonance region where the deviation is slightly
greater. Anotherway to check the accuracy of the fits is to compare
the rate coefficients obtained from the fitted cross sections and
the original data. The rate coefficients are calculated using the
following equation:

⟨σv⟩ =

√
2
me

∫
∞

∆E
σ (E)

√
EfM (E)dE (9)

whereme is the electronmass and fM (E) is theMaxwellian electron
energy distribution function (EEDF). The use of a Maxwellian EEDF
is a valid assumption for fusion plasmas and is generally employed
to provide the recommended rate coefficients (see, e.g., [26]). In
Fig. 5, several rate coefficients calculated with the fit cross sections
are compared with those calculated with the original CCC data.

Fig. 5. Rate coefficients for electron-impact excitation in Be. Solid lines with
triangles represent CCC results while the dashed lines with filled circles are fitted
results.

It was found as expected that the difference is largest for low
temperatures Te ≲∆E. Overall, the accuracy of the rate coefficients
for most of the transitions is estimated to be within 10%. For
very few spin-forbidden transitions with small cross sections, it
is higher only at the electron temperatures close to the threshold
energy. Those few transitions have∆E close to 1 eV to 2 eV except
for the 23S → 43F transition with∆E = 8.461 eV.

The graphs of all recommended cross sections obtained using
the fitting coefficients given in Tables 3–5 through Eqs. (5)–(8) are
displayed in Figs. 7–42 as a function of incident electron energy.

5. Electron-impact ionization cross sections

We have used the available BSR and CCC data to provide the
recommended fitted ionization cross sections using the following
equation [27],

σion(E) =

(
10−13

EI

)(
A0ln

(
E
I

)
+

5∑
i=1

Ai

(
1 −

I
E

)i
)
(in cm2),

(10)

where E (in eV) is the incident electron energy, I (in eV) is the
ionization potential and Ai are the fitting coefficients.

Electron-impact ionization cross sections from the ground state
(21S) and the two lowest excited terms (21P and 23P) are available
from both the BSR and CCC calculations. However, only CCC data
are available from the higher excited terms. The ionization cross
sections from BSR and CCC calculations were compared with the
previous available RMPS [8] and TDCC [9] cross sections for 21S
and 23P terms, and good agreement was observed among all the
theoretical results [12]. The comparison of fitted electron-impact
ionization cross sections from the 21S state with the BSR and CCC
results is presented in Fig. 6, which shows an excellent agreement.
The fitting coefficients for electron-impact ionization from all con-
sidered 19 terms are given in Table 6. The fitted cross sections are
also presented in Figs. 43–48.

6. Conclusions

The electron-impact excitation and ionization cross sections
obtained from a critical assessment of the recent theoretical
data [12] calculated using the BSR and CCC methods have been
fitted through the analytic expressions for the lowest 19 terms
of configurations 2snl (n ≤ 4) and 2p2 of Be I. The analytic fits
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Fig. 6. Electron-impact ionization cross sections from the 21S state.

for the electron-impact excitation as well as ionization follow the
correct asymptotic behavior. The recommended as well as the
CCC electron-impact excitation cross sectionswere integrated over
the Maxwellian electron energy distribution to obtain the rate
coefficients and good agreement was observed. The recommended
rate coefficients should be accurate within 10% with respect to the
BSR and CCC data for use in plasma modeling applications. We
have also reported the oscillator strengths for the dipole-allowed
transitions between the 19 terms of configurations 2snl (n≤ 4) and
2p2 usingMCDHFmethod and found very good agreementwith the
BSR and CCC calculations.
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Photoionization of neutral iron from the ground and excited states
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The B-spline R-matrix method is used to investigate the photoionization of neutral iron from the ground and
excited states in the energy region from the ionization thresholds to 2 Ry. The multiconfiguration Hartree-Fock
method in connection with adjustable configuration expansions and term-dependent orbitals is employed for an
accurate representation of the initial states of Fe I and the target wave functions of Fe II. The close-coupling
expansion contains 261 LS states of Fe II and includes all levels of the 3d64s, 3d54s2, 3d7, 3d64p, and 3d54s4p
configurations. Full inclusion of all terms from the principal configurations considerably changes both the low-
energy resonance structure and the energy dependence of the background cross sections. Partial cross sections
are analyzed in detail to clarify the most important scattering channels. Comparison with other calculations is
used to place uncertainty bounds on our final photoionization cross sections and to assess the likely uncertainties
in the existing data sets.

DOI: 10.1103/PhysRevA.99.023430

I. INTRODUCTION

The enormous importance of iron-peak elements for as-
tronomical observations is well known. Neutral Fe and its
ions play important roles in many aspects of astrophysics.
Due to its large opacity contribution, Fe has come to serve
as a fundamental reference point for many chemical analyses
and their interpretations [1]. The analysis and diagnostics of
a broad range of stellar and nebular spectra require accurate
radiative and collision atomic data. Accurate photoionization
cross sections for neutral iron are a requirement for accurate
chemical abundances in late-type stars [2]. The cross sections
for partial processes from both ground and low-lying excited
states are usually a minimum requirement for detailed non-
local thermodynamic equilibrium modeling. Because of the
importance of these atomic data and the complete lack of
experiments, major theoretical and computational efforts have
been devoted to this system over the past decades. Presently,
however, both electron-impact excitation rates and photoion-
ization cross sections for Fe still represent a significant source
of uncertainty in the models [3].

Over several decades, calculations of photoionization cross
sections for Fe I were carried out in a variety of approx-
imations with increasing size and sophistication. An early
photoionization calculation was reported by Kelly and Ron
[4,5] using a many-body perturbation method. Reilman and
Manson [6] and Verner et al. [7] employed central-field ap-
proximations. These calculations ignored important coupling

*oleg.zatsarinny@drake.edu

effects and resonances, which in turn led to an underesti-
mation of the photoionization cross sections. The earliest
R-matrix calculation for neutral iron was reported by Baluja
et al. [8]. They considered photoionization from the ground
state and included in their approximation only the four lowest
states of the Fe II residual ion. More extensive calculations
were carried out by Sawey and Berrington [9], who used
an expansion for Fe II including 3d7, 3d6(5D)4s, 3d6(5D)4p,
and 3d5(6S)4s2 configurations. Due to computational limita-
tions, these earliest R-matrix calculations also clearly missed
essential coupling effects and neglected resonance series
converging to higher-lying thresholds. Much more extensive
R-matrix calculations were reported by Bautista [10], who
included 15 configurations and the lowest 52 LS terms of Fe II.
Significant corrections, both for the background cross sections
and the resonance structure, were obtained in comparison to
the previous results.

The cross sections of Bautista [10] were adopted in many
stellar atmosphere modeling codes and used in numerous
applications. Given the significance of photoionization and
electron-impact excitation data for neutral iron in cool-stars
research and the advances in computational resources over
the past two decades, Bautista et al. [3] decided to re-
visit the problem of Fe photoionization and provide data
of improved accuracy. Their new R-matrix photoionization
calculations included 35 configurations and 134 LS close-
coupling terms of the target ion. The accuracy of the target
states, however, was not discussed. Comparison with the
previous results in the 52-state approximation showed fur-
ther considerable corrections to the total and partial cross
sections.

2469-9926/2019/99(2)/023430(11) 023430-1 ©2019 American Physical Society
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TABLE II. Excitation energies (in eV) of the Fe II final target levels included in the present photoionization calculations.

Index Configuration Term Present NIST [17] Diff. Index Configuration Term Present NIST [17] Diff.

1 3d6(5D)4s a 6D 0.00000 0.00000 0.000 51 3d6(3P)4p y 4Do 7.68767 7.67642 0.012
2 3d7 a 4F 0.22873 0.23746 −0.008 52 3d6(3H )4p z 2Io 7.75384 7.68254 0.071
3 3d6(5D)4s a 4D 1.00085 0.98236 0.019 53 3d6(3F )4p x 4Do 7.79919 7.78729 0.012
4 3d7 a 4P 1.61611 1.64122 −0.025 54 3d6(3F )4p z 2F o 7.93216 7.92629 0.006
5 3d7 a 2G 1.97335 1.93060 0.042 55 3d6(3F )4p y 4Go 7.96447 7.87869 0.086
6 3d7 a 2P 2.15249 2.25549 −0.102 56 3d6(3P)4p z 2Po 7.98689 7.98813 −0.001
7 3d7 a 2H 2.45967 2.48451 −0.025 57 3d6(3F )4p y 2Go 8.02078 7.99718 0.024
8 3d7 a 2D 2.52821 2.52757 0.000 58 3d6(3H )4p z 2Ho 8.05252 8.05993 −0.007
9 3d6(3H )4s a 4H 2.59340 2.60163 −0.009 59 3d6(3G)4p x 4Go 8.14564 8.09909 0.047

10 3d6(3P)4s b 4P 2.62235 2.61313 0.009 60 3d54s2 2I 8.16405
11 3d6(3F )4s b 4F 2.78328 2.77477 0.008 61 3d6(3G)4p x 4F o 8.16627 8.16450 0.002
12 3d54s2 a 6S 2.94341 2.84212 0.101 62 3d6(3P)4p z 2So 8.18361 8.16489 0.019
13 3d6(3G)4s a 4G 3.12934 3.13143 −0.002 63 3d6(3G)4p y 4Ho 8.19170 8.19302 −0.001
14 3d6(3P)4s b 2P 3.13657 3.20920 −0.072 64 3d6(3F )4p y 2Do 8.27347 8.26940 0.005
15 3d6(3H )4s b 2H 3.16495 3.20032 −0.035 65 3d6(3G)4p y 2Ho 8.35303 8.33407 0.019
16 3d6(3F )4s a 2F 3.33076 3.34805 −0.017 66 3d5(6S)4s4p x 4Po 8.53341 8.53496 −0.001
17 3d6(3G)4s b 2G 3.77259 3.72956 0.043 67 3d6(3G)4p y 2F o 8.58723 8.58270 0.004
18 3d6(3D)4s b 4D 3.84077 3.84398 −0.003 68 3d6(3G)4p x 2Go 8.70428 8.67498 0.029
19 3d7 b 2F 3.88267 3.90300 −0.020 69 3d6(1I )4p z 2Ko 8.76101 8.76208 −0.001
20 3d6(1I )4s a 2I 3.97082 4.02791 −0.057 70 3d6(3D)4p w 4Po 8.84826 8.88371 −0.036
21 3d6(1G)4s c 2G 4.08447 4.10141 −0.016 71 3d6(1G)4p x 2Ho 8.85140 8.89788 −0.047
22 3d6(3D)4s b 2D 4.43813 4.43693 0.001 72 3d6(3D)4p w 4F o 8.90035 8.91993 −0.020
23 3d6(1S)4s a 2S 4.58154 4.56669 0.015 73 3d54s2 2D 8.92103
24 3d6(1D)4s c 2D 4.69523 4.68494 0.010 74 3d6(3D)4p y 2Po 8.97058 9.02530 −0.054
25 3d6(5D)4p z 6Do 4.75973 4.74993 0.010 75 3d6(3D)4p w 4Do 8.99030 8.94838 0.042
26 3d6(5D)4p z 6F o 5.16594 5.17773 −0.012 76 3d6(1G)4p x 2F o 9.01599 9.00526 0.011
27 3d6(5D)4p z 6Po 5.20962 5.28105 −0.071 77 3d54s2 4F 9.03412 9.05750 −0.024
28 3d6(5D)4p z 4Do 5.50673 5.49889 0.008 78 3d6(1G)4p w 2Go 9.06308 9.01479 0.048
29 3d6(5D)4p z 4F o 5.53536 5.48273 0.052 79 3d6(1I )4p w 2Ho 9.17151 9.08044 0.092
30 3d6(1F )4s c 2F 5.55258 5.52035 0.033 80 3d6(1I )4p y 2Io 9.17182 9.12188 0.050
31 3d6(5D)4p z 4Po 5.81800 5.80783 0.010 81 3d6(3D)4p x 2Do 9.27329 9.19346 0.080
32 3d7 d 2D 5.88559 5.88137 0.005 82 3d6(3D)4p w 2F o 9.37622 9.33504 0.041
33 3d6(3P)4s c 4P 6.12668 6.10941 0.018 83 3d54s2 2H 9.46116
34 3d6(3F )4s c 4F 6.14797 6.16717 −0.019 84 3d6(1S)4p x 2Po 9.50251 9.41375 0.089
35 3d5(6S)4s4p z 8Po 6.41902 6.46488 −0.046 85 3d6(1D)4p w 2Do 9.64397 9.69309 −0.049
36 3d54s2 b 4G 6.63719 6.67744 −0.040 86 3d54s2 2G 9.66463 9.65807 0.007
37 3d6(3P)4s c 2P 6.68545 6.71651 −0.031 87 3d6(1D)4p v 2F o 9.74585 9.60628 0.140
38 3d6(3F )4s d 2F 6.78306 6.75557 0.027 88 3d6(1D)4p w 2Po 9.74831 9.75612 −0.008
39 3d54s2 d 4P 7.09130 7.07691 0.014 89 3d5(6S)4s4p x 6Po 9.82455 9.78097 0.044
40 3d6(1G)4s d 2G 7.23205 7.22148 0.011 90 3d6(1D)4s 2D 9.86203
41 3d54s2 c 4D 7.45346 7.43373 0.020 91 3d54s2 2F 10.09509 10.07702 0.018
42 3d6(3P)4p y 4Po 7.47165 7.48849 −0.016 92 3d5(4P)4s4p 6So 10.20182
43 3d6(3P)4p z 2Do 7.50941 7.56838 −0.059 93 3d54s2 2S 10.23813
44 3d6(3H )4p z 4Go 7.51363 7.48416 0.030 94 3d5(4G)4s4p 6Ho 10.25531
45 3d6(3H )4p z 4Ho 7.52415 7.50242 0.022 95 3d6(1F )4p v 2Go 10.28818 10.29877 −0.011
46 3d6(3H )4p z 4Io 7.54401 7.56593 −0.022 96 3d5(4G)4s4p 6Go 10.31784
47 3d6(3P)4p z 4So 7.60257 7.34842 0.255 97 3d6(1F )4p v 2Do 10.36428 10.36977 −0.006
48 3d5(6S)4s4p y 6Po 7.61886 7.64508 −0.026 98 3d6(1F )4p u 2F o 10.70068 10.67576 0.025
49 3d6(3F )4p y 4F o 7.62258 7.65407 −0.031 ...
50 3d6(3H )4p z 2Go 7.65804 7.65527 0.003 261 3d5(2D)4s4p 2Po 24.10451
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TABLE I. Excitation energies (in eV) of the Fe I target levels included in the present photoionization calculations.

Index Configuration Term Present NIST [17] Diff. Index Configuration Term Present NIST [17] Diff.

1 3d64s2 a 5D 0.00000 0.00000 0.000 23 3d7(2H )4s a 1H 3.52020 3.52326 −0.003
2 3d7(4F )4s a 5F 0.86082 0.87493 −0.014 24 3d64s2 a 1I 3.48480 3.58439 −0.003
3 3d7(4F )4s a 3F 1.48145 1.48836 −0.007 25 3d6(5D)4s4p z 5Po 3.54575 3.58639 0.005
4 3d7(4P)4s a 5P 2.16087 2.14265 0.018 26 3d64s2 b 3D 3.56252 3.58977 −0.003
5 3d64s2 a 3P 2.28122 2.30004 −0.019 27 3d64s2 b 1G 3.60328 3.64464 −0.004
6 3d64s2 a 3H 2.36601 2.37711 −0.011 28 3d6(5D)4s4p z 3Do 3.77607 3.86382 −0.003
7 3d6(5D)4s4p z 7Do 2.40412 2.38311 0.021 29 3d6(5D)4s4p z 3F o 3.82394 3.87662 0.030
8 3d64s2 b 3F 2.54367 2.53060 0.013 30 3d8 c 3F 4.05592 4.07445 0.015
9 3d64s2 a 3G 2.67804 2.67132 0.007 31 3d7(4F )4p y 5Do 4.13847 4.10398 −0.006
10 3d7(4P)4s b 3P 2.77262 2.78906 −0.016 32 3d7(4F )4p y 5F o 4.16598 4.18009 −0.018
11 3d6(5D)4s4p z 7F o 2.77755 2.79275 −0.015 33 3d6(5D)4s4p z 3Po 4.16824 4.18450 −0.064
12 3d64s2 a 1S 2.80530 34 3d7(2D)4s b 1D 4.23998 4.24445 0.005
13 3d7(2G)4s b 3G 2.93034 2.93053 −0.000 35 3d7(4F )4p z 5Go 4.32527 4.30728 −0.017
14 3d6(5D)4s4p z 7Po 2.93705 2.93277 0.004 36 3d7(4F )4p z 3Go 4.37188 4.37506 −0.019
15 3d7(2P)4s c 3P 2.98683 2.99573 −0.009 37 3d7(2F )4s d 3F 4.51238 4.53713 −0.000
16 3d7(2G)4s a 1G 3.00166 2.99691 0.005 38 3d6(5D)4s4p y 5Po 4.57776 4.54064 −0.014
17 3d6(5D)4s4p z 5Do 3.17777 3.19232 −0.015 39 3d7(4F )4p y 3F o 4.49736 4.54289 −0.062
18 3d7(2H4s b 3H 3.20414 3.21453 −0.010 40 3d7(2F )4s 1F 4.53208
19 3d7(2D)4s a 3D 3.21687 3.22250 −0.006 41 3d7(4F )4p y 3Do 4.76043 4.72430 0.024
20 3d6(5D)4s4p z 5F o 3.30659 3.32482 −0.018 42 3d8 1D 4.73248
21 3d7(2P)4s a 1P 3.35960 3.36494 −0.005 43 3d6(5D)4s4p x 5Do 4.86200 4.90585 −0.006
22 3d64s2 a 1D 3.49993 3.49656 0.003 44 3d6(5D)4s4p x 5F o 4.97766 4.98932 −0.012

present approach, we attempted to include the most important
correlation effects. To do that, we first analyzed the full target
expansions, which contained all double promotions, to de-
termine the correlation configurations that matter most. This
analysis allowed us to choose the configurations that should
be included in the final target expansions, while at the same
time keeping these expansions to a manageable size that was
still appropriate for the subsequent scattering calculations.

For the Fe I wave functions, the list of most important
configurations is discussed in Ref. [14]. In the present calcula-
tions, we chose to keep all configurations with mixing coeffi-
cients of magnitude larger than ∼0.01. This cut-off parameter
is smaller than in our treatment of electron scattering from
Fe I. The resulting CI expansions with sizes between 400 and
1200 for each LS target state are still suitable for photoion-
ization calculations on modern state-of-the-art computational
facilities. We also applied a semiempirical correction using
the cut-off parameter to adjust the theoretical LS energies
to the experimental values obtained by taking a weighted
average over the fine-structure levels [17]. Due to different
convergence rates for the individual terms, this required us
to vary the cut-off parameters in the magnitude range between
0.008 and 0.015 for the various terms. The fastest convergence
was achieved for states with high multiplicity, 7L and 5L
terms, whereas the singlet and triplet states exhibit a very slow
convergence pattern.

Table I compares the calculated LS excitation energies with
the experimental values for all Fe I states included in the
present photoionization calculations. The experimental exci-
tation energies were taken from the NIST compilation [17]
where possible. For some of the higher-lying levels, however,
no observed values are available. As seen from the table,

the above procedure allowed us to obtain agreement with
the observed LS energies to better than 0.1 eV for all states
included. The agreement with the experimental energy levels
is considerably better than in any other previous scattering
calculation for collisions with Fe II that we are aware of.
Using the larger configuration expansions also improved the
agreement in comparison to our previous calculation [14].
One important consequence is the shift of the 3d64s2 1S
state to higher energies. The exact position of this state is
still an open question and calls for additional experimental
data.

The target representation of the Fe II states was constructed
following the one used in our recent work on electron-impact
excitation of singly ionized iron [15]. We included all LS
terms of the 3d64s, 3d54s2, 3d7, 3d64p, and 3d54s4p con-
figurations, with 261 terms overall. Table II lists the lowest
predicted 98 LS terms of Fe II and compares the calculated
energies with the experimental values. The full list of levels
included in the present scattering calculations is given in the
Supplemental Material [18]. Again, in constructing the target
wave functions, we first checked all double promotions for
the principal configurations and kept in the final expansions
only the configurations with coefficients of magnitude larger
than ∼0.025. The convergence of the target expansions for
Fe II is faster than for neutral iron. The cut-off parameters
for Fe II were chosen to (i) ensure consistency between the
Fe I and Fe II expansions and (ii) to obtain the best possible
agreement with the experimental photoionization thresholds.
As seen from Table II, the agreement with the observed LS
energies is better than 0.1 eV for most states, except for some
doublet terms, for which the convergence was found to be
going extremely slowly.
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FIG. 1. Photoionization cross sections as a function of photon energy for a sample of low-lying even-parity states of Fe I. The present
BSR-261 (BSR in the legend, first and third row) predictions are compared with the RM-134 (RM in the legend, second and fourth row) results
of Bautista et al. [3].

the 3d electron, and hence all of them have approximately the
same value of about 10 Mb at higher energies.

While there is close agreement between the present
BSR-261 calculations and the RM-137 results [3] regarding
the background cross sections, the present cross sections
exhibit a much more extensive resonance structure, especially
at higher energies. This is directly connected to the more
extensive close-coupling expansions in our calculation. For
example, the photoionization cross section for the ground
state, 3d64s2 5D, exhibits two strong and wide resonance
peaks at low energies and a set of narrow resonances at
higher energies. They cover the entire region up to the high-
est ionization threshold, 3d5(2D)4s4p 2Po, included in the
present expansion. Qualitatively, the same structure is also
found in the RM-137 calculations, approximately with the
same height of the resonance peaks but over a smaller range of
energies. The differences in the positions of the resonances are
related to the different position of the ionization thresholds. As
discussed above, the present ionization thresholds agree with
the experimental values to generally better than 0.1 eV.

As seen from Fig. 1, the most extensive resonance structure
was found for photoionization of the triplet states. Examples
are given for the 3d74s 3F and 3d54s2 3P and 3P states. In
the LS approximation, photoionization of the triplet states
leads to the largest close-coupling expansions and, conse-
quently, to the most complex resonance structure. The largest
difference between the BSR and RM predictions was found
for photoionization of the singlet states. This suggests that
the RM-134 model missed many important final states of
the residual ion. Overall, the comparison the BSR-261 and
RM-134 models shows that inclusion of the entire set of terms
for the final states has a significant influence on the details of
the resonance structure.

In practical applications, particularly for nonlocal
thermodynamic equilibrium modeling, it is important to
accurately determine the population in the excited levels of
the residual ion following photoionization. In this respect, the
cross sections for partial processes from both the ground and
the low-lying excited states are required. Our calculations
revealed that photoionization of Fe I leads to population of
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FIG. 4. Photoionization cross section for transitions from the first few odd-parity excited terms of Fe I. The present BSR-261 (BSR in the
legend, first and third row) predictions are compared with the RM-134 (RM in the legend, second and fourth row) results of Bautista et al. [3].

4s ionization, leading to final ionic states with configuration
3d64s. As shown in a more detailed comparison, the cross sec-
tion is dominated by ionization to the ground state 3d64s 6D
of Fe II. These channels also exhibit the most extensive
resonance structure. Above 11 eV, channels with 3d ionization
open up and ionization to final ionic states with configuration
3d54s2 becomes dominant. These channels define the mag-
nitude of the total photoionization cross sections at higher
energies. As illustrated in the other panels, ionization with
additional excitation to the 3d64p and 3d54s4p target states
is also noticeable. This process is expected to be important
due to the strong 4s − 4p and 3d − 4p transitions. These
cross sections exhibit a different energy dependence of the
background. Ionization of 4s with excitation to the 3d64p
target states shows a near-threshold maximum with subse-
quent decrease in value, whereas 3d ionization with excitation
to the 3d54s4p target states shows increasing cross sections
over a wide range of energies. We also see a considerable
population of the 3d7 states, something that is not possible
in a one-electron approximation. Such transitions occur due

to channel coupling and the decay of resonances into these
states.

A similar picture for the partial cross sections is also
observed for photoionization of the 3d74s 5P state shown in
Fig. 3. Ionization of the 4s electron here leads to the 3d7

final ionic states. However, 3d ionization, with the 3d64s final
ionic states, dominates in this case for all energies. Ionization
with excitation is also an important factor here and leads to
noticeable population of the 3d64p and 3d54s4p target states.
Direct (one-electron) photoionization to the 3d54s2 states is
forbidden but occurs due to close-coupling effects. These
cross sections show a very small background. We emphasize
again that the above comparison shows summed partial cross
sections. These include numerous individual final states but
generally have no dominant ionization channel.

We now turn to the discussion of the photoionization
of the odd-parity 3d64p and 3d54s4p states of Fe I. The
comparison of the present BSR cross sections with the R-
matrix calculations of Bautista et al. [3] is given in Fig. 4.
The examples include terms with different multiplicities, from
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FIG. 2. Photoionization cross section of the 3d64s2 5D ground state of Fe I (a), along with the contributions from different subsets (b)–(f)
of final ionic configurations indicated in the legend.

many levels of Fe II, generally with no dominant channel in
the photoionization of the given initial state. This is due to
the complex spectra of Fe II, where the ionic configurations
with an open 3d subshell contain many states with different
total and intermediate terms. To illustrate this point, Figs. 2
and 3 present partial cross sections for the lowest-lying states
of two important configurations, 5d64s2 5D and 5d74s 5P,

respectively. Due to numerous possible final states, the figures
present the summed cross sections from various subsets
of levels of Fe II belonging to a given configuration. Our
electronically available tables, however, contain partial cross
sections for all individual states of Fe II.

For photoionization of the ground state 3d64s2 5D, pre-
sented in Fig. 2, the dominant channel at low energies is

FIG. 3. Photoionization cross section of the 3d74s 5P excited state of Fe I (a), along with the contributions from different subsets (b)–(f)
of final ionic configurations indicated in the legend.
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Electron−impact excitations of Fe ions
(large−scale BSR calculations for astrophysical applications)

Fe VIII 3p63d, 3p53d2, 3p64l, 3p53d4s, 3s3p63d2, 3p65l
102 fine−structure levels

Fe VII 3p63d2,  3p53d3, 3p63d4l, 3p53d25s, 3p63d5p
182 fine−structure levels

Fe IX 3p6, 3p53d, 3s3p63d, 3p43d2, 3p54l, 3s3p53d2, 3s3p64l, 3p55s
344 fine−structure levels

Fe II 3d54s2 , 3d64s, 3d7, 3d64p, 3d54s4p
261 LS terms, 716 fine-structure levels

• Direct Breit−Pauli (intermediate coupling) calculations
• More accurate target description
• Complete set of scattering and radiative parameters

(rate coefficients and oscillator strengths between all levels)
• Extensive calculation of resonance structure (~20000 energy points)
• Do we get convergence?  
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FIG. 2. Photoionization cross section of the 3d64s2 5D ground state of Fe I (a), along with the contributions from different subsets (b)–(f)
of final ionic configurations indicated in the legend.

many levels of Fe II, generally with no dominant channel in
the photoionization of the given initial state. This is due to
the complex spectra of Fe II, where the ionic configurations
with an open 3d subshell contain many states with different
total and intermediate terms. To illustrate this point, Figs. 2
and 3 present partial cross sections for the lowest-lying states
of two important configurations, 5d64s2 5D and 5d74s 5P,

respectively. Due to numerous possible final states, the figures
present the summed cross sections from various subsets
of levels of Fe II belonging to a given configuration. Our
electronically available tables, however, contain partial cross
sections for all individual states of Fe II.

For photoionization of the ground state 3d64s2 5D, pre-
sented in Fig. 2, the dominant channel at low energies is

FIG. 3. Photoionization cross section of the 3d74s 5P excited state of Fe I (a), along with the contributions from different subsets (b)–(f)
of final ionic configurations indicated in the legend.
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Recoupling may be o.k.; 
Breit-Pauli (> 700 states) would be better (in progress);
Dirac (> 700 states) not advisable yet.
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Abstract 

Xenon is the most important propellant in electric propulsion systems, including the widely-used Hall 

and ion thrusters. The performance of these devices critically depends on the kinetic processes involving xenon 

ions. However, in current numerical simulations of Hall and ion thrusters, excited states of xenon ions cannot 

be studied in detail due to the lack of fundamental cross-section data. Also, ionic emission lines are absent 

in the noninvasive diagnostic approach of optical emission spectroscopy, once again due to the lack of collisional-

radiative (CR) models of xenon ions based on a reliable set of cross-section data. 

In the present work, a fully relativistic Dirac B-spline R-matrix (DBSR) method is applied to calculate the 

oscillator strengths and electron-impact excitation cross sections involving the 5s25p5, 5s5p6, 5p46s, 5p45d, 5p46p, 

and 5p47s states of the Xe+ ion. A fully relativistic approach is necessary for this problem, since the spin-orbit 

coupling is of the same order as electron correlations in the outer shells of Xe+. Also, there is a complex open-shell 

structure with a strong term dependence in the one-electron orbitals. The calculated oscillator strengths are compared 

with those in the NIST database and some measured in plasma experiments reported in the literature, with overall 

good agreement between each other. The important excitation cross sections out of the ground, metastable, and quasi-

metastable states of Xe+ are compared and analyzed. In subsequent papers of this series of studies, the cross-section 

data for the Xe+ ion, together with those for neutral Xe from our previous calculation, will be used to build a 

comprehensive CR model for electric propulsion systems involving xenon. The predictions of this model will then 

be examined by experiments in both Hall and ion thrusters. 
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Abstract
A fully relativistic Dirac B-spline R-matrix (DBSR) method is applied to calculate the oscillator
strengths and electron-impact excitation cross sections involving the 5s25p5, 5s5p6, 5p46s,
5p45d, 5p46p, and 5p47s states of a Xe+ ion. A fully relativistic approach is necessary for this
problem, since the spin–orbit coupling is of the same order as electron correlations in the outer
shells of Xe+. Also, there is a complex open-shell structure with strong term dependence in the
one-electron orbitals. The oscillator strengths are also calculated and agree well with available
experimental measurements. We select some important excitation cross sections out of the
ground, metastable, and quasi-metastable states of Xe+ for the collisional-radiative (CR) model
to be discussed and analyzed. The present paper is the first one of a series of studies on a CR
model of xenon ions in plasma diagnosis and numerical simulations of Hall and ion thrusters. In
subsequent papers, the cross-section data for the Xe+ ion, together with those for neutral Xe
from our previous calculation, are used to build a comprehensive CR model for electric
propulsion systems involving xenon. Furthermore, the predictions of this model will then be
examined by experiments in both Hall and ion thrusters.

Supplementary material for this article is available online

Keywords: xenon ion, cross sections, electron impact, collisional-radiative model, Dirac B-spline
R-matrix method, close-coupling

1. Introduction

Xenon has been the most widely-used working gas in the area
of electric propulsion systems since the 1990s to the present

day, because of its advantages associated with a low ioniz-
ation threshold, chemical inertness, and nontoxicity [1–3].
Also, it is an important trace gas in the optical line-ratio
method for low-temperature plasma diagnostics [4–7], plays a
role in fusion research [8] and is related to astrophysics when
studying stellar atmospheres [9, 10]. To build a plasma model
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Abstract
Electric propulsion devices of using xenon propellant are nowadays widely adopted for the space
missions. A collisional-radiative (CR) model of xenon needs to be developed to understand the
kinetic mechanisms of the excited and energetic species in these devices and also to support their
optical diagnostics. Previously, due to limitations in the fundamental cross section data, Xe CR
models focused on the atomic species; the ionic species, which also play important roles for the
thrusters, were not studied in detail. In our previous paper, a fully relativistic Dirac B-spline
R-matrix method was applied to calculate the relevant cross sections for electron collisions with
the Xe+ ion. Based on these data, a comprehensive CR model—with the kinetics of metastable
and excited levels of both Xe and Xe+ included—could be built. The calculated density
distributions of atomic and ionic levels are examined by optical measurements in Hall thrusters
in all of the four typical regions (near-anode-, ionization-, acceleration-, and plume-region). The
special kinetic behaviors of the excited species are analyzed, and a set of rate coefficient data
used for the Xe CR model is also provided.

Supplementary material for this article is available online

Keywords: collisional-radiative model, electric propulsion, Hall thruster, xenon plasma

1. Introduction

In recent years, different kinds of electric propulsion (EP)
systems were developed for aerospace missions, which
became an important topic in the area of plasma source
research [1–5]. Especially, Hall and ion thrusters of using
xenon propellant have been used on many satellites [6, 7].
There are investigations on EP devices by fluid and particle-
in-cell simulations [8–11] and diagnostic (probe, optical, and

laser) methods [12–17] and studies on new structures and
materials for these devices [18, 19]. Xe collisional-radiative
(CR) models for EP devices are also required to describe the
kinetic behaviors of the excited species in numerical simu-
lations as well as to predict the plasma emission spectra for
diagnostic technique, e.g. by optical emission spectroscopy
(OES) method.

Karabadzhak et al built a CR model for atomic levels of
Xe [20], based on the optical cross sections measured by Chiu
et al [21], to study the Hall thruster model D-55 in 2006. This
model can predict the intensities of several emission lines in
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What	about	really	complex,	heavy	systems?

At	a	recent	IAEA	meeting,	a	scientist	from	the	ITER	project	stated:	
The	three	most	important	elements	for	us	are	…

tungsten,	tungsten,	and	tungsten
Here	are	our	best	results	for	e–Wn+	collisions:

NOTHING	(yet)

A	lot	of	work	is	still	required	before	a	reliable	calculation	can	be	carried	out.
It	seems	advisable	for	people	collaborate	in	code	development	and	maintenance.
A	collaborative	project	has	just	been	started;	see	

https://dev.testdrive.airavata.org/pages/about
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Pulse-duration dependence of the double-to-single ionization ratio of Ne by intense 780-nm and
800-nm laser fields: Comparison of simulations with experiments
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Accurate ab initio calculations of the ratio of double-to-single ionization of Ne atoms in strong laser fields
are difficult due to the many-electron nature of the target. Here, with accurate total cross sections carefully
evaluated by using the state-of-the-art many-electron R-matrix theory for both electron-impact ionization and
electron-impact excitation of Ne+, we simulate the total double-ionization yields of Ne2+ in strong laser fields at
780 and 800 nm for pulse durations in the range from 7.5 to 200 fs based on the improved quantitative rescattering
model. The corresponding single-ionization yields of Ne+ are calculated within the nonadiabatic tunneling model
of Perelomov, Popov, and Terent’ev. The ratio of double-to-single ionization of Ne is then obtained from the
calculated double- and single-ionization yields. By normalizing the ratio to the one calculated from solving
the time-dependent Schrödinger equation for a short few-cycle pulse, we make quantitative comparisons of our
results with experimental data to show that our model predicts the experimental findings very well. Finally, we
analyze the pulse-duration dependence of the double-to-single ionization ratio.
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I. INTRODUCTION

Nonsequential double-ionization (NSDI) is the simplest
and most fundamental correlated strong-field phenomenon. It
has been extensively studied both experimentally and theo-
retically for more than three decades (for a review, see, e.g.,
Ref. [1]). The first evidence that strong-field NSDI occurs in
favor of the classical recollision model [2,3] was provided by
the very early experimental measurements of the total yield
of doubly charged ions as a function of laser intensity [4–7],
in which a characteristic knee structure was observed. The
observed knee structure has certainly captured the attention
of theorists. Several approaches, such as the quasistatic model
[3], a simplified two-electron model including the effect of
the outer electron on the inner one through a time-dependent
potential [8], the S-matrix theory [9,10], and the classical
ensemble model [11], have been employed. Although all
the above theoretical simulations successfully reproduced the
knee structure, quantitative comparison with experimental
findings showed some discrepancies, especially for Ne atoms
in strong laser fields with a wavelength of 780 nm [10]. While
double-ionization yields versus laser intensity can be mea-
sured, it is preferable to study the ratios of double-to-single
ionization yields. These ratios are more accurately determined
in experiments and hence provide a more stringent test of the
theoretical models.

Among all the rare-gas atoms, Ne is the one for which
the simulated double-to-single ionization ratios deviate most
from experiment. It was reported two decades ago that a
sensitive measure of the intensity dependence of the double-
to-single ionization ratio of Ne in a strong 780-nm laser
field decreases by approximately a factor of 10 below the
saturation intensity where the absolute ratio is about 1.8 ×
10−3, which is very similar to the measurement for He [12].
Interestingly, the early simulated results by the semiclassical
model were significantly different for Ne and He, and they
substantially underestimated the experimental values for both
Ne and He [12]. By now, the measured intensity dependence
of the double-to-single ionization ratio of He in 780-nm laser
pulses [12] has already been remarkably well reproduced by
several theoretical models [10,13–15]. On the contrary, the
Ne2+/Ne+ ratio measured in the same range of intensity at
the same wavelength has only been simulated by the S-matrix
theory, which overestimates the experimental data by a factor
of 15 [10].

According to the classical recollision model, an electron
that initially tunneled out from an atom could be driven back
to the nucleus to collide with a bound electron and set it free
in the combined atomic and electric-field potential. For long
pulses, electrons that have been released earlier may return
at different times. As a result, the total probability of double

2469-9926/2019/99(4)/043408(7) 043408-1 ©2019 American Physical Society
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We revisit the time-resolved photoemission in neon atoms as probed by attosecond streaking. We calculate
streaking time shifts for the emission of 2p and 2s electrons and compare the relative delay as measured in a
recent experiment by Schultze et al. [Science 328, 1658 (2010)]. The B-spline R-matrix method is employed
to calculate accurate Eisenbud-Wigner-Smith time delays from multielectron dipole transition matrix elements
for photoionization. The additional laser field-induced time shifts in the exit channel are obtained from separate,
time-dependent simulations of a full streaking process by solving the time-dependent Schrödinger equation on
the single-active-electron level. The resulting accurate total relative streaking time shifts between 2s and 2p

emission lie well below the experimental data. We identify the presence of unresolved shake-up satellites in the
experiment as a potential source of error in the determination of streaking time shifts.

DOI: 10.1103/PhysRevA.89.033417 PACS number(s): 32.80.Fb, 32.80.Rm, 42.50.Hz, 42.65.Re

I. INTRODUCTION

The photoelectric effect, i.e., the emission of an electron
after the absorption of a photon, is one of the most fundamental
processes in the interaction of light with matter. Progress in
the creation of ultrashort light pulses during the past decade
[1–3] has enabled the time-resolved study of photoemission
with attosecond (1 as = 10−18 s) precision. In a pioneering
experimental work, Schultze et al. [4] reported a time delay
of 21 ± 5 as between the emission of 2s and 2p electrons
from neon, measured using the attosecond streaking technique
[5–8]. However, the measured relative delay has not yet
been quantitatively confirmed by theory, even though several
time-dependent as well as time-independent state-of-the-art
methods have already been applied to the problem [4,9–12].

Previous time-dependent studies have been aimed at a
simulation of the streaking spectrogram [4,10,11], whereas
the time-independent approaches [4,9,12] have focused on
accurate calculations of the quantum-mechanical Eisenbud-
Wigner-Smith (EWS) delay [13–15] from the dipole-matrix
elements for the photoionization process, i.e., the group delay
of the photoelectron wave packet [16]. The latter methods
allow for an accurate description of electronic correlations
in the photoionization process, but they ignore the influence
of the infrared (IR) field on the extracted time shifts. For the
time-dependent simulations, the situation is reversed. While
they account for the influence of the IR streaking field on
the photoemission process, their inclusion of electron-electron
correlation is incomplete. So far only simulations for one
and two active electrons in model systems [11,17] and time-
dependent R-matrix calculations for Ne with restricted basis
sizes [10] have become available.

*johannes.feist@uam.es
†stefan.nagele@tuwien.ac.at

The starting point of the present investigation is the key
observation [11,17–21] that the contributions to the total
streaking time delay tS, due to the intrinsic atomic EWS
delay and to the IR streaking field, are strictly additive with
subattosecond precision. Therefore, both contributions can be
determined independently of each other in separate treatments,
both featuring high precision.

In this contribution, we implement such an approach for
calculating the total streaking time shifts tS for the neon atom
by using the B-spline R-matrix (BSR) method [22,23] for
the EWS delays and accurate time-dependent ab initio one-
and two-active electron simulations [17,20,24] for simulating
IR-field-induced time shifts containing a Coulomb laser,
tCLC [17,18,21], and a dipole-laser coupling contribution,
tdLC [20,21,25]. This procedure has the advantage that the
calculation of both contributing parts can be independently
optimized. We find the resulting time delay, �tS = t

(2p)
S − t

(2s)
S ,

to be about a factor of 2 smaller than the experiment,
which seems well outside the theoretical uncertainty of our
calculation. We furthermore explore the possible influence of
unresolved shake-up channels in the experiment as a potential
source of error in the determination of �tS.

This paper is organized as follows. In Sec. II we describe
our method. This is followed by a presentation and discussion
of our results for tEWS, tCLC, and the total streaking time delay
�tS in Sec. III. Possible corrections due to contamination by
shake-up channels are discussed in Sec. IV, followed by a brief
summary (Sec. V). Atomic units are used throughout unless
explicitly stated otherwise.

II. THEORETICAL APPROACH

Time-resolved atomic photoionization in an
attosecond-streaking setting involves two light
fields, namely the ionizing isolated attosecond pulse
in the extreme ultraviolet (XUV) range of the
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A general ab initio and nonperturbative method to solve the time-dependent Schrödinger equation �TDSE�
for the interaction of a strong attosecond laser pulse with a general atom, i.e., beyond the models of quasi-
one-electron or quasi-two-electron targets, is described. The field-free Hamiltonian and the dipole matrices are
generated using a flexible B-spline R-matrix method. This numerical implementation enables us to construct
term-dependent, nonorthogonal sets of one-electron orbitals for the bound and continuum electrons. The
solution of the TDSE is propagated in time using the Arnoldi-Lanczos method, which does not require the
diagonalization of any large matrices. The method is illustrated by an application to the multiphoton excitation
and ionization of Ne atoms. Good agreement with R-matrix Floquet calculations for the generalized cross
sections for two-photon ionization is achieved.

DOI: 10.1103/PhysRevA.76.053411 PACS number�s�: 32.80.Rm, 32.80.Fb

I. INTRODUCTION

The ongoing development of ultrashort and ultraintense
light sources based on high-harmonic generation and free-
electron lasers is providing new ways to generate optical
pulses capable of probing dynamical processes that occur on
attosecond time scales �1�. These attosecond pulses are pro-
viding a window to study the details of electron interactions
in atoms and molecules in the same way that femtosecond
pulses revolutionized the study of chemical processes. Single
attosecond pulses or pulse trains open up new avenues for
time-domain studies of multielectron dynamics in atoms,
molecules, plasmas, and solids on their natural, quantum-
mechanical time scale and at distances shorter than molecu-
lar and even atomic dimensions. These capabilities promise a
revolution in our microscopic knowledge and understanding
of matter �2�. A major role for theory in attosecond science is
to elucidate novel ways to investigate and to control elec-
tronic and other processes in matter on such ultrashort time
scales.

The ingredients of an appropriate theoretical and compu-
tational formulation require an accurate and efficient genera-
tion of the Hamiltonian and electron-field interaction matrix
elements, as well as an optimal approach to propagate the
time-dependent Schrödinger equation �TDSE�. Many theo-
retical papers have been devoted to the propagation of the
TDSE including laser pulses. The earliest calculations em-
ployed finite-difference methods �3� to discretize the spatial
coordinates. As shown in a recent review by Pindzola et al.
�4�, this method is still being used with great success today.
Other formulations employ finite-element �5�, discrete-
variable, or finite-element discrete-variable representation
�FEDVR� �6–8� approaches to discretize the coordinates and
thereby take advantage of the higher accuracy afforded by
these methods. Time propagation of the wave function may
also be accomplished by a variety of techniques. These in-
clude simple approaches such as the leapfrog or Runge-Kutta
�9� method to more sophisticated split-operator �10� or Kry-

lov space iterations �11,12�. A selected set of references is
given in the bibliography. The relevant physical information
is extracted from the TDSE by projecting the wave function
onto appropriate long-range solutions after the laser inter-
action has vanished. The details of the process depend on
what parameters are desired; total ionic yields are relatively
simple to extract while differential or doubly differential
quantities necessitate more work �4�.

In this paper we consider an approach to model the inter-
action of an atomic system with a strong laser pulse. We
combine a highly flexible R-matrix method �13–15�, includ-
ing nonorthogonal sets of atomic orbitals to describe the ini-
tial bound state as well as the ejected-electron–residual-ion
interaction, with the Arnoldi-Lanczos iterative propagation
scheme. In contrast to many other methods currently being
used for such problems �16–18�, the present implementation
is not restricted to �quasi�one or �quasi�two electron targets.
It can be applied to complex atoms, such as inert gases other
than helium and even open-shell systems with nonvanishing
spin and orbital angular momenta. We illustrate the method
with results for multiphoton excitation and ionization of
neon by a linearly polarized laser pulse.

II. NUMERICAL METHOD

A. The B-spline R-matrix method

Unless specified otherwise, atomic units are used through-
out this manuscript. The TDSE for the N-electron wave func-
tion ��r1 , . . . ,rN ; t� of the present problem is given by

i
�

�t
��r1, . . . ,rN;t� = �H0�r1, . . . ,rN�

+ V�r1, . . . ,rN;t����r1, . . . ,rN;t� ,

�1�

where H0�r1 , . . . ,rN� is the field-free Hamiltonian containing
the sum of the kinetic energy of the N electrons, their poten-
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Abstract
We present an ab initio and non-perturbative time-dependent approach to the problem of
double ionization of a general atom driven by intense XUV laser pulses. After using a highly
flexible B-spline R-matrix method to generate field-free Hamiltonian and electric dipole
matrices, the initial state is propagated in time using an efficient Arnoldi–Lanczos scheme.
Test calculations for double ionization of He by a single laser pulse yield good agreement with
benchmark results obtained with other methods. The method is then applied to two-colour
pump–probe processes, for which momentum and energy distributions of the two outgoing
electrons are presented.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The two-photon double ionization (DI) of the helium atom
induced by intense short XUV laser pulses has received
considerable attention from both theorists and experimentalists
alike. Instead of listing a large number of references here, we
note that much of the recent work was quoted in recent papers
[1, 2]. Even within the past few months, however, several
additional papers have appeared.

Given the intensities and lengths of the laser pulses
involved, the numerical approaches used to tackle this problem
are all essentially attempts to solve the time-dependent
Schrödinger equation (TDSE), beginning with a well-defined
initial state before the laser strikes and then propagating this
state in the presence of the laser field by one of a number of
numerical approaches. Once the laser is switched off, various
probabilities and, in some cases, generalized cross sections
can be extracted.

Over the past two years, our group has been working on
the development of a general ab initio theoretical approach,

which is applicable to complex targets beyond (quasi) two-
electron systems. In two recent papers [3, 4], we outlined how
field-free Hamiltonian and electric dipole matrices generated
with the highly flexible B-spline R-matrix (BSR) [5] suite of
codes may be combined with an efficient Arnoldi–Lanczos
time-propagation scheme to describe the interaction of short
intense laser pulses with a complex atom, leading to multi-
photon excitation and single ionization. The key points of
our method are the following: (1) we employ the BSR code,
which allows for the use of non-orthogonal orbital sets, to
generate field-free Hamiltonian and dipole matrices. (2) We
then set up an efficient Arnoldi–Lanczos scheme to propagate
the initial state in time. (3) Finally, we extract the information
by standard projection schemes.

In the present paper, we report on the extension of this
approach and the corresponding computer code [6] to allow
for two electrons in the continuum and hence the possibility
of describing double ionization processes. After outlining
the general method, we present a test application to the He
problem, for which many benchmark results are available

0953-4075/09/134015+08$30.00 1 © 2009 IOP Publishing Ltd Printed in the UK
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KEY EQUATIONS
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i
∂
∂t

Fp(r, t) = Htip(r)Fp(r, t) + ∑
p′ 

[(WE)pp′ (r) + (WD)pp′ (t) + (WP)pp′ (r, t)]Fp′ 

Ψ(XN+1, t) =
np

∑
p=1

Φ̄p(XN; ̂rN+1σN+1)r−1
N+1Fp(rN+1, t) rN+1 ≥ a

Channel functions Radial wave function  
of ejected electron

Electron-ion Electron-laserIon-laser

Outer Region
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Inner Region

ΨI(XN+1, t) = ∑
k

ψk(XN+1)Ck(t)

d
dt

Ck(t) = − i∑
k′ 

HIkk′ (t)Ck′ (t) +
i
2 ∑

p

ωpk
∂Fpk(r, t)

∂r
r=a

Eigenstates of 
Field-free Hamiltonian

Time-dependent  
Coefficients

Surface Amplitudes
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Atomic / Ionic 
Systems

Linearly Polarised 
Light

Non-relativistic 
Targets

Limitations:

Computer Physics Communications 107062 

RMT: R-matrix with time-dependence. Solving the semi-relativistic, time-
dependent Schrödinger equation for general, multi-electron atoms and 

molecules in intense, ultrashort, arbitrarily polarized laser pulses 

https://www.sciencedirect.com/science/journal/00104655
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RMT

BSR  
(atomic B-spline R-

matrix code)

Oleg Zatsarinny “BSR: B-spline atomic R-matrix codes”, Computer Physics Communications, 174, 273-356 (2006).



INPUTS
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H

D*

Splinedata

Splinewaves

H, D* similar format to RMATRX I 

Knot array, number of splines, order of splines etc

knot.dat

Radial continuum functions



APPLICATIONS
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Time-dependent Dynamics of Complex atoms in Ultrashort light fields

➤ Multielectron atoms - Argon, Xenon 

➤ Autoionisation 

➤ Spin-orbit dynamics 

➤ Electron Correlation effects



Summary and Outlook

• The B-Spline R-Matrix (BSR) approach is an alternative implementation to the

standard R-Matrix (RM) package developed in Belfast.

• Distinctive BSR features include the possibility to use sets of non-orthogonal

orbitals and B-splines, which may speed up convergence and improve the numerics,

particularly for complex collision systems.

• Apart from numerical details, the results from BSR, RM, and CCC should be the

same, provided

◦ the same quality of target description is used;

◦ the same level of accounting for relativistic effects is chosen; and

◦ the close-coupling expansion is driven to convergence by including a sufficient

number of pseudo-states to account for coupling to the high-lying Rydberg states and the

ionization continuum.

• The method can be used for

◦ structure calculations (frozen-core, box-based close-coupling)

◦ electron collisions

◦ weak-field photoionization

◦ short-pulse intense photo-induced processes (work in progress)
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